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Abstract

We analyze the interplay between persuasion, timing, and commitment. A
principal conducts a sequence of statistical experiments to persuade an agent to
stop at the right time, in the right state, and choose the right action. We develop a
revelation principle which delivers a first-order approach for solving the principal’s
problem under commitment, and an anti-revelation principle which establishes that
commitment is unnecessary and transforms the solution via indirect recommenda-
tions to restore dynamic consistency. We further characterize how time and action
preferences jointly shape optimal strategies featuring a suspense-generation stage
which optimally concentrates the agent’s stopping time, followed by an action-

targeting stage which maximally correlates/anticorrelates persuasion and delay.

1 INTRODUCTION

At the heart of many economic decisions lies an optional stopping problem paired
with a choice problem—a decision maker chooses when to stop gathering information
as well as what irrevocable action to take. The decision maker’s stopping time and
action are, in turn, jointly determined by the flow of information over time, which
makes information a powerful tool for shaping both timing and choice. For instance,
a company might strategically reveal information about its financial health to steer

investors to sell their shares at the right time in different states. Similarly, an advisor
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might strategically reveal information about demand conditions in different markets
to guide her clients to enter the right market at the right time.

In each of these examples, there are two distinct tensions. First, there is a tension
between persuasion and timing: on the one hand, the information that—from the prin-
cipal’s point of view—best shapes the agent’s actions is typically quite specific, and
induces particular kinds of uncertainty; on the other hand, to manipulate the timing
of the agent’s action, the principal must release enough future information as a carrot
to incentivize waiting. Second, there is a tension between timing and commitment: the
principal would like to promise future information to shape the timing of the agent’s
action; yet, when the time to disclose this information arrives, the principal might be
tempted to renege on her initial promise. We develop a unified analysis of how these
tensions are traded off against each other.

In our model, there is an unknown, persistent payoff-relevant state. A principal
chooses a sequence of history-dependent statistical experiments and an agent, observ-
ing the realizations of these experiments, makes an irreversible choice of when to stop
and which action to take. The principal’s and agent’s preferences can depend on state,

action, and time in arbitrary ways—in particular, they are not necessarily time-stationary.

Revelation principle and first-order characterization. When the principal has full
intertemporal commitment, we establish a “revelation principle”: it is without loss to
use simple recommendation strategies that only send direct message “continue” or mes-
sages of the form “stop now and take a certain action”. This converts the dynamic
persuasion problem into a tractable semi-static linear program in which the principal
directly controls the joint distribution of the agent’s stopping time and stopping belief,
subject to a series of interim obedience constraints. We establish strong duality and
derive a sufficient and near necessary first-order characterization of the optimal policy
(Theorem 1). The first-order condition makes precise how the agent’s incentives are
intertemporally linked: the optimal distribution of stopping time and belief “concavi-
fies” a combination of the principal’s and the agent’s past and present utilities, where
a time-dependent multiplier tracks the incentive value of information. Then, solving
the dynamic persuasion problem boils down to solving a single-dimensional ordinary

differential equation characterizing this multiplier.

The value of intertemporal commitment and an “anti-revelation principle”. When

the principal lacks intertemporal commitment, we recast the persuasion problem un-



der limited commitment as a dynamic experiment-selection game where, in every period,
the principal chooses a static statistical experiment and the agent chooses whether to
stop to act based on her information so far, or continue. When the principal weakly en-
joys delay, the value of intertemporal commitment is zero: the principal can achieve her
preferred commitment outcome—the belief-stopping time distribution—in a subgame-
perfect equilibrium of the experiment-selection game even without intertemporal com-
mitment (Theorem 2 (i)).

How does the principal achieve this? We establish an “anti-revelation principle”
(Theorem 2 (ii)) which pins down equilibrium strategies. Simple recommendations—
which tell the agent to continue and nothing else—do not guarantee the principal her
commitment payoff. This gap arises when the optimal simple recommendation in-
structs the agent to wait without offering any interim information. This leaves the
agent extra continuation surplus from waiting which, in turn, creates incentives for
the principal to renege on her promise to deliver information. Instead, in the optimal
equilibrium strategy, the principal sends indirect interim messages which are maxi-
mally informative to the extent that they eliminate the agent’s interim surplus. Because
information is irreversible, this allows the principal to tie her own hands at future his-
tories. Our results highlight the dual role of information as both a carrot to incentivize

the agent and as a stick for the designer to discipline her future self.

Together, Therorems 1 and 2 yield a tractable and unified procedure for solving
dynamic persuasion problems: First, one can appeal to the “revelation principle” to
focus on simple recommendations and solve for the principal-optimal outcome via the
first-order approach we develop (Theorem 1). Then, to recover the persuasion strategy
that implements the same outcome in the absence of intertemporal commitment, one
can appeal to the “anti-revelation principle” (Theorem 2) which pins down when and

what kinds of extra interim information the principal should inject.

The form of optimal dynamic persuasion We use this methodology to shed light on
how action and time preferences jointly shape the form of dynamic persuasion, espe-
cially when time preferences are non-stationary and the principal lacks commitment.

We begin by analyzing a dynamic version of the canonical persuasion model with
binary states (6 = L, R), binary actions (a = ¢,r), and continuous time. The impatient
agent wishes to match her action to the state, while the principal strictly enjoys delay

and obtains different payoffs from the two actions. Crucially, we allow the principal’s



gain (and agent’s loss) from delay contingent on each action to be general: time pref-
erences can be non-stationary, and the gain from either action can vary flexibly with
time. We show that for a wide class of principal and agent preferences, optimal per-
suasion strategies consist of a suspense-generation stage, followed by an action-targeting
stage. Suspense generation consists of inconclusive ‘plot twists”: the agent’s beliefs
jump stochastically between two interim paths, but the agent is never certain enough
to stop. Action-targeting consists of a carefully chosen arrival rate of conclusive news
about a particular state. The strategy concludes when the posterior belief reaches an
endogenous threshold.

Simplicity along the state and action dimensions allow us to transparently convey
the richness and subtleties involved in dynamic persuasion. This delivers a range of
economic insights into how (i) time-risk preferences; (ii) persuasion-delay complemen-

tarity/substitutability; and (iii) persuasion gain shape optimal dynamic information:

1. Time-risk preferences shape suspense window. By generating suspense, the princi-
pal concentrates the agent’s stopping time since the agent stops only in the action-
targeting stage. When the principal is more time-risk averse (e.g., there is dimin-
ishing marginal gain from delay), the suspense-generation stage lengthens to con-
centrate the agent’s stopping time around a late decision window (during action-
targeting). Conversely, under time-risk-loving preferences, the principal necessar-
ily generates no suspense at all to maximize the dispersion over stopping times. In-
deed, we show that these qualitative insights on how time-risk preferences shape the

optimal timing of information extend much more generally (Propositions 5 and 6).

During the suspense window, by offering the arrival of inconclusive “plot twists”,
suspense generation pushes up the agents’ interim outside option of stopping. This
ensures that the surplus from continuation is zero which, per Theorem 2 (ii) is nec-
essary and sufficient to ensure that the principal has no incentive to deviate—hence

guaranteeing implementability even under limited commitment.

2. Persuasion-delay complementarity/substitutability shape direction of targeting. The prin-
cipal initially prefers the action r to be taken and we call the principal’s premium
from action r over ¢ the “persuasion gain”. When the principal’s persuasion gain
increases with time (persuasion-delay complementarity), we show that the second
stage consists of random arrival of conclusive news that drives the agent to take the

principal’s dispreferred action ¢; in the absence of such news, the agent eventually
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takes the principal’s preferred action. {-targeting exploits the complementarity by
positively correlating the events that the agent stops late, and the event that the agent

takes the principal’s preferred action.

Conversely, when the persuasion gain decreases with time (persuasion-delay substi-
tutability), the action-targeting stage consists of conclusive news which drives the
agent to take the principal’s initially preferred action: this maximizes the chance
that either the agent stops late, or the agent takes the principal’s initially preferred

action.

3. Persuasion gain shape scope of persuasion. When the initial gain from persuasion is
large relative to the gain from delay, the principal reduces the scope of persuasion
by shortening the window of both suspense-generation and action-targeting; the
optimal distribution of stopping beliefs is then closer to that of the static benchmark

(Kamenica and Gentzkow, 2011).

Related literature. We provide by far the most general treatment of persuasion in
stopping problems, where we allow both the principal’s and agent’s time and action
preferences to be fully general and accommodate both full and limited commitment.
Our framework nests existing work in which the principal’s preference is independent
of the agent’s action such as Ely and Szydlowski (2020), Orlov, Skrzypacz, and Zryu-
mov (2020) (the commitment case),' Ely (2017) (the basic model), Knoepfle (2020) (the
single sender case), Koh and Sanguanmoo (2024) (the instrumental value case), and
contemporaneous work by Saeedi et al. (2024) (the common prior case).” The novelty
and analytical strength of our approach stem from our revelation and anti-revelation
principles. These principles enable us to first address a tractable semi-static problem
via a novel first-order approach that accommodates general preferences, then modify
the solution to handle limited commitment. We use this to elucidate important qualita-
tive features—such as non-stationarity, indirect messages, and imperfect revelations—
which are fundamental to dynamic persuasion. By contrast, existing work has often

relied on (i) specific payoff structures such as additive or multiplicative separability,

! Their setting involves an evolving public state, which is nested in an extension of our model in Online Appendix VI.

2The current paper succeeds the release of Koh and Sanguanmoo (2024) in 2022.

*Specifically, models that involve myopic agent, repeated actions (e.g. Renault et al. (2017), the general model of Ely (2017),
Ball (2023), and Zhao et al. (2024)), informational frictions (e.g. Hébert and Zhong (2022) and Che et al. (2023) ), or both stochastic
states and limited commitment (Orlov, Skrzypacz, and Zryumov (2020)) are not nested by our framework. The asymmetric prior
case of Saeedi et al. (2024) can be nested by our framework via a transformation technique they develop.



stationary time preferences and principal preference for revelation; (ii) Markovian re-
strictions; and (iii) principal commitment. While these assumptions have facilitated
tractability, they typically led to the prediction of simple strategies that stochastically
but fully reveals certain states.* Our results paint a richer and more complete picture.

Our analysis of the “revelation principle” in a multi-stage principal-agent setting
in Section 3 is closely connected to the seminal work of Forges (1986); Myerson (1986);
Sugaya and Wolitzky (2021), as well as the study of dynamic “mechanism-selection”
games by Laffont and Tirole (1988); Bester and Strausz (2001); Skreta (2015); Doval
and Skreta (2022). Our experiment-selection game can be viewed as the informa-
tional counterpart of mechanism-selection games. However, there is no nesting re-
lation which makes direct comparisons difficult: our contribution is to highlight how
providing information is qualitatively different from designing mechanisms. Indeed,
in most mechanism-selection games there is a strict gap between the principal’s pay-
off with and without commitment—considering direct mechanisms is not without loss.
By contrast, we show that with information provision, there is no commitment gap and
the revelation principle (i.e., in direct recommendations) holds for pinning down the
outcome of such games. We then go on to develop an “anti-revelation principle” which
makes precise the strategy the principal uses to close this commitment gap even in the
absence of commitment.’

Our dynamic persuasion model is closely related to a series of papers seeking to
implement the static Bayesian persuasion strategy in a dynamic setting with informa-
tional frictions (e.g. Henry and Ottaviani (2019), Escudé and Sinander (2023), Siegel
and Strulovici (2020) and Che et al. (2023)). In these papers, the static strategy of Ka-
menica and Gentzkow (2011) is optimal but infeasible due to the frictions, and the
dynamics are shaped by the information constraints/frictions. By contrast, our setting
is frictionless and our principal can choose any dynamic persuasion strategy (including
the static strategy). It is the principal’s incentive to delay the agent’s decision that en-

dogenously leads to a non-degenerate dynamic strategy.® Indeed, the trade-off between

*Methodologically, previous work typically made progress by constructing a relaxed problem and guessing a candidate solution
(Knoepfle, 2020; Ely and Szydlowski, 2020; Hébert and Zhong, 2022), dynamic programming (Orlov et al., 2020), or extreme-point
techniques (Koh and Sanguanmoo, 2024).

In mechanism-selection games, the agent is fully informed and the usage of indirect messages is to control the principal’s own
information. By contrast, our agent is uninformed, and, by carefully designing non-simple recommendations, the designer induce
interim agent learning to tie her own hands and restore commitment.

Intriguingly, Escudé and Sinander (2023) reports no commitment gap, while Che et al. (2023); Henry and Ottaviani (2019)

report strict commitment gaps. This suggests that informational frictions have strong implications on the commitment gap. Less



persuasion and delay is intuitive, but to our knowledge has not been analyzed.” Our
analysis of how the complementarity or substitutability between persuasion and delay
shapes the direction of conclusive Poisson news is also novel, and offers an endogenous
foundation for the “good news” and “bad news” models which are often assumed (see,
e.g., Keller et al. (2005); Keller and Rady (2015); Che et al. (2023)) as well as delineates
which one should be chosen.

The connection between time-risk attitudes induced by asymmetric discount rates
and the timing of information revelation has been alluded to in Ely and Szydlowski
(2020); Ball and Knoepfle (2023); Saeedi et al. (2024). Our analysis is the first that
makes this connection explicit by allowing for general time-risk loving and time-risk
averse preferences that are necessarily non-stationary. We further identify a novel con-
nection between time-risk aversion, limited principal commitment, and the “suspense-
generation” behavior of Ely et al. (2015).

The agent’s optimal stopping problem is a classic statistical decision-making prob-
lem pioneered by Wald (1947) and Arrow, Blackwell, and Girshick (1949). Several re-
cent papers seek to endogenize the information in the optimal stopping problem by giv-
ing the agent no control of information (e.g., Fudenberg, Strack, and Strzalecki (2018);
Gongalves (2024)), some control of information (e.g. Moscarini and Smith (2001), Che
and Mierendorff (2019), Liang, Mu, and Syrgkanis (2022)), or all control of information
(e.g. Hébert and Woodford (2023), Steiner, Stewart, and Matéjka (2017), Zhong (2022),
Sannikov and Zhong (2024)). Our paper complements this literature by studying the
endogenous choice of information in stopping problems in a principal-agent setting.

The rest of the paper is organized as follows. Section 2 introduces the model and
characterizes the solution under full commitment. Section 3 analyzes the model under
limited commitment. Section 4 uses this methodology to shed light on the how time

and action preferences shape optimal persuasion. Section 5 concludes.

2 TaeE FRAMEWORK

2.1 Model

Primitives. © is a finite set of payoff-relevant states. p, € A(®) is the common prior

belief. A is a set of actions. The time space is a compact set T C R, which can be

directly related is Mekonnen et al. (2023) who study persuasion in a different sequential search model where payoffs from stopping
are iid. They show that intertemporal commitment is unnecessary, though for completely distinct reasons.
7 A distinct force is at play in work on persuasion with rational inattention (Bloedel and Segal, 2020; Lipnowski et al., 2020).



finite or a continuum. There are two players: the principal (she) and the agent (he).
The agent makes a one-time irreversible choice of action a at a stopping time ¢ of his
choosing. For any tuple of states, actions, and stopping times (0,a,t) € © x A x T, the
agent obtains utility u(0, a,t) and the principal obtains utility v(6, a,t). We assume u
and v are both bounded.

Information: At the start of the game (before t = 0) the principal commits to a per-
suasion strategy that resembles a sequential experimentation process. Formally, the
principal’s strategy is a cadlag martingale process (y;) in A(®) (accompanied by a suit-
able underlying probability space (QQ, F = (F;), P)) describing the common random
posterior belief process induced by the realized outcome of the statistical experiments.

The role of intertemporal commitment will be analyzed in detail in Section 3.

Stopping and action: The agent moves the second. His belief updates over time and
makes a one-time choice (contingent on the history of the belief process) of the action.
When the agent stops in period ¢ with a belief y, he can choose any action taken at a
time no earlier than t. Therefore, we define the indirect utility with respect to stopping
belief y and time ¢: for all p € A(©)and t €T,

U(p,t) :== max E,[u(6,a,s)];

acA,s>t
Vip,t) = max E,[v(0,a",s")].

a*,s*eargmax IEﬂ[u(G,a,s)]
acA,s>t

By construction, U is convex in y and non-increasing in t. (Indirect) utility functions
U and V encode all the payoff relevant information although they abstract away from
optimal actions.® Then, the agent’s strategy is a stopping time 7 with respect to (F;).

Given (y;), the agent solves an optimal stopping problem:
max [E[U (p, 7)].

Information design problem: The principal chooses the belief-stopping time pair ({4 ), 7),

subject to the obedience constraint that the agent finds stopping at time 7 optimal:

supE [V (e, 7)] (P)
(et
s.t. T € argmax E [U(p, )] (0Q)

8By defining V, we implicitly assume that the agent breaks the tie in favor of the principal. The tie-breaking rule is incon-
sequential for our analysis as long as the resulting indirect utility is compatible with the technical assumptions we introduce
later.



Remark 1. We model the information design problem (P) as the principal directly choos-
ing the stochastic belief martingale, following the approach of Ely, Frankel, and Ka-
menica (2015). The definition of belief-based indirect utilities follows the approach
of Kamenica and Gentzkow (2011), with a caveat that the agent chooses not only the
action but also the action time given any posterior belief.’
2.2 Revelation principle and simplification

The logic of the celebrated revelation principle (Forges, 1986; Myerson, 1986) sug-
gests that if the principal wants the agent to continue, she should pool all the messages
that lead to continuation into a single message. While a formal revelation principle
in continuous-time games is unknown to us—and establishing it is beyond the scope
of the paper—we draw on its logic to derive “direct revelation mechanisms” in our
framework and show that, with principal commitment, it is without loss to consider
only such mechanisms.

We begin with an informal discussion. Take any obedient strategy ((y;), T), a “direct
mechanism” should, at any t < 7, send a pooled message “continue.” to the agent
to recommend continuation. Then, the pooled message conveys the information that

t < 7. Pooling can only improve the obedience constraint; hence,
E[U (pr,t) |t > t] > U (E[p]T > t], 1), (1)

where the LHS is the agent’s obedient payoff and the RHS is the deviation payoff from
stopping. Since (y;) is a martingale, the optional stopping theorem implies E[y|T >
t] = IE[p.|T > t]. Then, let f be the distribution of (y,, 7), (1) is equivalent to

o UG y)f (dp, dy) § ( [, e (dp, ) t)
Jo f@udy) [ f(dpdy) |

The principal’s payoff is IV(]A, t)f(dp, dt). Therefore, f roughly characterizes the “di-

(2)

rect mechanism” induced by ({#;), T) and (P) can thus be reduced to maximizing I V(u, t)f(dp,dt)
by choosing f subject to (2). In what follows, we formalize this idea. We begin by for-

mally mapping f to a class of “direct mechanisms” called simple recommendations.

Simple recommendations: Let D = A(®) x T. We call elements of A(D) belief-time
distributions. Let A, = {f € A(D)|E¢[pu] = po} be all belief-time distributions consis-
tent with the prior. Fixing f € A, , let f = sup{t|(n,t) € Supp(f)}. For t < f, define

®We emphasize that decoupling the stopping time and the action time is without loss given that both are fully controlled by
the agent. We have found it expositionally convenient to state the model this way.
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fie = Bf(qlplt > t] as the continuation belief at time # conditional on not stopping.
Forall y € A(®),t <, let x"!) denote the belief path

x(”,t)(s): Hs s<t
U st

That is, we consider simple belief paths that jump from ji; only once (which suggests a
recommendation of stopping) and stay constant thereafter. Since each path x/*' leads
to stopping at (y,t), to achieve the belief-time distribution f, the persuasion strategy
simply needs to randomize among all such paths according to distribution f.

Define @ : (u,t) — (x",t) as the map which sends a belief-time pair to the path we

constructed above and a jump time."°

Definition 1 (Simple Recommendation). For f € A, , define the law P of the correspond-
ing belief process (ytf) and stopping time t/ as Po® = f, i.e., for all Borel sets B, C D, and
B, CT:

P (i €B,, v €B,)= j F(dp,dt).

®~1(B,xBy)

A simple recommendation tells the agent to continue and nothing else, which in-
duces the belief path fi;. The principal only releases information when the agent is
meant to stop. The following lemma establishes the “revelation principle” within our

framework.

Lemma 1. V feasible and obedient strategies ((),7), let f ~ (y.,7), then f € A, and
f satisfies (2). Conversely, Vf € A, that satisfy (2), ((ytf), ) is a feasible and obedient
strategy and f ~ (yjf,”cf).

Proof. See Online Appendix [.2. Q.E.D.

Lemma 1 states that the outcomes (belief-time distributions) of all feasible and
obedient strategies are exactly the outcomes of all obedient simple recommendations.

Therefore, (P) is equivalent to the following reduced problem:

sup [ Vi 0)ftdpdo) (R)

feb

1°This is Borel-measurable; see Online Appendix I.1 for details.
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s.t. f Ulp,v)f(dp,dy) 2U U pf(dp,dy), t), VteT", (0C-C)
y>t y>t
where U is extended from A(©) to R'®' homogeneously of degree 1 by defining Uy, t) :=
Yo n(0)-U (%, t) and T°:=T \supT."

2.3 Strong duality & first-order characterization

Since (R) is a canonical constrained optimization problem, we solve it using the

method of Lagrange multipliers. Define the Lagrangian £ : A, xB(T") — Ras follows:'?

£U>A>::J\myuwf«nndr»+Jﬁp(Jﬁ Uunrv«#hdr»—U(Ja yf«hhdr»ﬁ)dAu»

Note that (R) is equivalent to sup; inf, £(f, A). We now make a series of regularity as-
sumptions that are fairly straightforward and are satisfied in virtually all applications;

we discuss them in Remark 2 at the end of this section.
Assumption 1 (Information is strictly valuable). V¢t € T, E, [U(6y, )] > U (po, t).

Assumption 2 (Continuity). U(p, t) is continuous in (pu,t), {V(p, )} ,en0) is equicontinu-

ous in t, and V(u, t) is upper-semicontinuous in (u,t).
Lemma 2. Given Assumptions 1 and 2, strong duality holds:

supmin £(f,A) = minsup L(f, A). (D)
fon Ay

Furthermore, the min is achieved by A" € B(T"), the max is achieved by f* € A, .
Proof. See Online Appendix I.3. Q.E.D.

Strong duality ensures that solving the constrained optimization problem (R) is
equivalent to solving the unconstrained optimization problem sup; £( f,A). With it,
we are ready to characterize solutions to the dynamic information design problem (P).

Define the “derivative” of the Lagrangian with respect to f at a specific (u,t) pair as:

kM%ﬂ:VWﬁ+Amlﬂww—f V,U (i, D)dA(T) - o,

T<t

"The HD-1 extension of U is inconsequential, but serves as a useful modeling tool that eliminates the need for normalization
when evaluating conditional distributions. A useful implication of the HD-1 extension is that Yu € A(©), k > 0, V"U(y,t) =
V,Ul(kp,t),ie V,U(- 1) is HD-0.

123(T°) is the set of positive Borel measures on T°.
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where fi, = Ef,[plt > t] and A(t) = L<t dA(t). Note that V,U(fi,, t) is not a well-
defined vector in two scenarios: U(-,t) has a kink at ji, or t > t. With a slight abuse of
notation, we let V, U (fi,, t) denote a selection of sub-gradients in V,U(f, t) in the former

case and a selection of sub-gradients in V,U(0, ) in the latter case.
Theorem 1. f solves (R) if (f,a, A) and a selection of sub-gradients satisfy (FOC):
leAlp, t) < a - p, with equality on the support of f, (FOQ)

(OC-C), and the complementary slackness condition L(f,A) = E¢[V].
Conversely, if Assumptions 1 and 2 hold, then V f solving (R), there exists A solving (D),
a € R® and a selection of sub-gradients such that (FOC) holds.

Proof. See Appendix A.1. Q.E.D.

Theorem 1 gives a sufficient and near-necessary first-order characterization of op-
timality. The sufficiency part is general; the necessity part relies on strong duality.
Equation (FOC) can be thought of as a “concavification” condition. It states that the
derivative of Lagrangian /¢ 5 touches its upper supporting hyperplane a - y only on the
support of the optimal distribution f. The function ¢ 4 that is concavified is a combi-
nation of the principal’s utility V, the agent’s utility U and an aggregation of agent’s
past utilities. Conditioned on stopping at time ¢, the agent’s static incentives are cap-
tured by the direct benefit V. Moreover, since the agent’s incentives are intertemporally
linked, there is a shadow benefit of A - U from relaxing the agent’s constraints up to
time t, as well as a shadow cost L<t VU (ji;, T)dA(7) - p from affecting all past continu-
ation beliefs. Thus, the principal’s dynamic persuasion strategy is effectively a mean-
preserving spread of the prior distribution onto both the belief and time dimensions,
internalizing the agent’s incentives into the principal’s utility.

Theorem 1 provides a simple recipe for analytically solving (R): The key unknown
variable to be solved is A, a one dimensional function. For a given A, one can solve the
period-by-period optimization problem by choosing the stopping belief y (as a function
of A) to maximize I¢ 5. Then, the concavification condition implies that I; 5 is “flat”
across periods at the optimal p’s, leading to a (differential) equation characterizing only
A. The recipe is illustrated in detail in Sections 4.1 and 4.2, where we derive a closed-
form solution of (FOC) in a dynamic persuasion model with binary states. Based on
Theorem 1, we develop an efficient algorithm for solving (R) numerically in Online

Appendix II. The algorithm reduces to |© x T'|-dimensional gradient descent.
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Remark 2. We briefly discuss Assumptions 1 and 2. Assumption 1 is a weak regularity
condition that is fulfilled whenever information is valuable at p, for the agent. As-
sumption 2 is a continuity assumption: the indirect utility U is generically continuous
per the maximum theorem while V is not typically continuous. Hence, we only re-
quire time-continuity of V but permit discontinuity with respect to beliefs. The upper-
semicontinuity assumption is standard for deriving the existence of a maximum. It is

needed for Lemma 2 only for the existence of f~.

Remark 3. We develop several special cases and extensions of our baseline model in
Online Appendix VI. First, we offer a unified discussion of how optimal dynamic per-
suasion varies as the principal and agent’s preferences are aligned/misaligned on the
belief and time dimension. Second, we show how our framework can be extended to
handle settings in which (i) the payoff relevant state is evolving; or (ii) public infor-
mation about the state arrives over time so the principal is no longer the monopoly
provider of information. Both settings can be readily nested in our model via a novel
transformation technique that redefines the underlying space of feasible stopping be-
lief and stopping time. Finally, we discuss how to incorporate informational frictions

into our model.

3 THE RoLE OF INTERTEMPORAL COMMITMENT

Our framework assumes the principal chooses the agent’s belief martingale. Im-
plicit in this formulation is that the principal has full commitment power. We now
relax this by recasting the dynamic persuasion problem (P) as an experiment-selection
game: at each history, the principal chooses a one-period statistical experiment and,
observing the principal’s choice and the realization of the experiment, the agent de-
cides whether to stop and act (game ends) or continue (game transitions to the next
period). This will allow us to precisely pin down the role and value of intertemporal
commitment in dynamic persuasion problems. We begin by defining the stochastic

game.

Primitives Consider a finite time space T = 1,2,3, ... T. The rest of the environment
is as in Section 2: U,V : A(®) x T — R are the agent’s and principal’s indirect utilities
from stopping at belief u at time T, respectively. y, € A(©) is the common prior belief.
LetT =(T,U,V, p,) denote the collection of primitives.
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Extensive form A history H, at time t € T is a profile of past belief-experiment pairs
H, := (p, I;)s<;, where belief y; € A(O) and experiment I € A;S_l (©) := {I € A*(O)|E,[u] =
ps_1}."> The null history is H; = (y,). Let H be the set of all possible histories. The tim-
ing of the game is as follows.

Ateach timet < T and history H, := (u, I,)s<;, the period

I transition from

t is divided into two subperiods t and t*. ! period -1

Time t
(i) Experiment selection. At time f, the principal H —

chooses an experiment, i.e., a random belief distri-
bution I, € Aﬁt_l((@). Then, the history transitions
stochastically to H;,; := (H;, (4, I;)) where y; ~ I,.

(ii) Stopping choice. At time t* and history H,,;, the H,—

stop
agent chooses from {stop,continue}. If the agent = (He L ) ®
.. ) continue V(p, 1)
stops, the game ends and the agent and principal’s U 1)
payoffs are U(y;, t) and V(p,t). Otherwise, the game : transic;ion to
period t+1
proceeds to period ¢ + 1. CID

In the last period t = T, the game ends when yur is
realized and payoffs are U (uz, T) and V (uz, T).

Our experiment-selection game is one of complete information where the state 0 is
observable to neither player and the principal’s choice of statistical experiment as well
as their realizations are commonly observable.'* We have chosen this formulation to
cleanly separate static commitment—the principal’s inability to commit to a random-
ized message—and intertemporal commitment—the principal’s inability to stick with

a strategy prescribed in the past.”

Strategies A (behavioral) strategy for the principal is the map op : H, — A;t_l (©).

That is, it maps histories to a single static experiment. Restricting to pure strategies is

13 A%(@) denotes the set of probability measures on the space A(©).

*This builds on the observation that static persuasion (Kamenica and Gentzkow, 2011) can be decomposed into (i) commitment
to acquire an experiment; and (ii) commitment to disclosure of the experiment, neither of which requires the sender to know the
state. This is distinct from ‘Wald persuasion’ studied by Henry and Ottaviani (2019) (see also Morris and Strack (2019)) where the
sender has no control over the flow information process but can control the stopping time. We discuss the timing of uncertainty
resolution in Section 3.2.

> This is in the same spirit as Doval and Skreta (2022)’s ‘mechanism selection game’ which similarly abstracts away from the
designer’s ability to credibly run the current mechanism (McAdams and Schwarz, 2007; Akbarpour and Li, 2020) to focus on the

role of limited intertemporal commitment.
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without loss here as experiments themselves involve randomization. Let Xp be the set of
all principal strategies. A strategy for the agent is the map o, : H; — A{stop, continue}.
Let X, be the set of all agent strategies. For all 0 € ¥ := Xp x X4, let ({(u(0),), 7(0))
denote the induced stochastic belief process and stopping time. Define the players’

payoffs under profile o as

V(o) = 7|V (#(0) (o), T(0)) |
U(o) := E°[U ((0)rio), 7(0))].

Let V(o|H,,t),U(c|H,,t) denote the players’ payoffs under profile o in the subgame
starting from history H, in period t. Let V(o'|H,,,t"),U(0|H;,q,t") denote the players’

payoffs under profile o in the subgame starting from history H,,; in subperiod t".

Equilibria Since the game is one of complete information, we focus on subgame per-
fection (SPE). Applying the one-shot deviation principle, a strategy profile o0 € ¥ is an
SPE if for all times t € T and all histories H;, H,,,; € H,

V(oIH, 1) = max By [Vo|(Hy, 1), 1))
U(0|Hyyq,tT) = max {U(l‘t: t),U(0|Hq, b+ 1)}5

Given the nature of our principal-agent setting, it is instructive to consider a special

class of SPE that selects equilibria in favor of the principal.

Definition 2. Given T, o € ¥ is a principal-optimal SPE (in shorthand, SPE”), if for all
histories H, € H,
V(o|H,,t) = max V(o'|H,,t).
o’eSPE(T)

SPE" requires a favorable selection of SPE not only at the null-history, but also at
any history of the game. We view this as innocuous and simply ensures that the agent
tiebreaks in favor of the principal.’® The existence of SPE” is not generally guaranteed
in finite games—a favorable selection of SPE in the future might be suboptimal for
the period 1 principal. Nevertheless, we will show that SPE” exist and their outcomes
correspond to that of the full-commitment solutions we derived in Section 2. Finally,

we introduce an additional assumption on the principal’s preference for delay.

*Note that in the principal’s problem under commitment (Section 2), we also assumed the agent tiebreaks in favor of the
principal.

15



Assumption 3. For all beliefs pu, V(u,t) (weakly) increases in t.

Assumption 3 simply states that the principal weakly enjoys delay. It is satisfied in
all applications of this paper and all special cases of our framework in the literature.
Although this is natural and is fulfilled in many environments, it plays an important

role which we illustrate in Section 3.2.

Theorem 2. If y, € A(®), finite T, and U,V satisfying Assumptions 2 and 3 constitute I,
then SPEP(F) = @. Moreover,

(i) Equilibrium outcome: If finite support f solves (R), then do € SPE®(T) such that
(1(0)e(), T(0)) ~ f-
Conversely, if o € SPEF(T), then f ~ (#(0)r(e), T(0)) so0lves (R).

(ii) Equilibrium strategy: If finite support ({y;), ) solves (P) and for any stopping time
1 <1, E[U(p,, )] = E[U(p,,1)], then o € SPEF (D) s.t. (), T) 2 (u(o),t(0)).

Conversely, if V(u,t) strictly increases in t, then Yo € SPE"(T) s.t. u(o) has finite
support and max supp(t(0)) < T, for any stopping time 1 < t(c), U(c') = E[U (4, 1)].

Proof. See Appendix A.2. Q.E.D.

Theorem 2 (i) establishes that there is no gap in outcomes whether or not the princi-
pal has intertemporal commitment. In particular, the principal’s commitment payoff—
in which she first commits to a dynamic persuasion strategy, then the agent best re-
sponds by optimally stopping—coincides with her payoff under every principal-optimal
SPE. Thus, Theorem 2 (i) partially extends the revelation principle we developed in Sec-
tion 2 to the setting with limited commitment: it is sufficient to consider only simple
recommendations and solve (R) to characterize equilibrium outcomes of the SPE.

Theorem 2 (ii) establishes a crucial property of principal-optimal subgame perfect
equilibria: an optimal dynamic persuasion strategy solving the original problem (P),
which leaves the agent with zero surplus at any interim stage is sufficient and almost-
necessary for it to correspond to the equilibrium path of an SPE”. This suggests that
simple recommendations, while helpful for reducing our original problem (P) to the
more tractable problem (R), might not be implementable under limited commitment—
indeed, they are often not. The intuition behind Theorem 2 (ii) is as follows. There are

three types of potential deviations in the game:
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1. Agent deviates from continue to stop. Such deviations have already been ruled out

by the obedience constraint (OC) in the principal’s problem (P) under commitment.

2. Principal deviates from the ex-ante optimal persuasion strategy. Such deviations
cannot be profitable at an interim belief if the agent gets no surplus: if such devia-
tion strictly benefits the principal and the agent responds by continue, i.e. it leaves
the agent with non-negative surplus, then such a deviation is feasible and strictly
profitable at the ex-ante stage. Conversely, if the agent gets any surplus at an in-
terim belief, a principal that strictly enjoys delay would like to further delay the

revelation of information to further extract this surplus.

3. Agent deviates from stop to continue, tempting the principal to restart the revelation
of information. Such deviations are ruled out (only) when the principal and agent
have a conflict of interest regarding delay: following the deviation, the principal
responds by recommending the agent to stop in the next period while releasing no
further information, making the patient principal better off and the agent worse off.
Such a response is credible because if the principal can make herself even better off
by releasing more information while the agent still finds it profitable to deviate in
the first place, this joint deviation strictly improves the optimal full-commitment

solution, which is impossible.

Theorem 2 (ii) can be interpreted as an “anti-revelation principle”: simple rec-
ommendations that send minimally informative direct messages are often not consis-
tent with subgame perfection. Instead, the key to restoring commitment is to strate-
gically send indirect messages that are “unnecessary”—per the logic of the revelation
principle—under full commitment. This delivery of unnecessary interim information
exploits the simple but crucial observation that information is irreversible—once the
agent learns, there is no way for the principal to systematically reverse this. This then
pushes up the agents’ outside option, which guards the principal against her own fu-
ture deviations. Interestingly, there are general and economically interpretable condi-
tions under which the “revelation principle” continues to hold in terms of the equilib-
rium strategy. There are also conditions under which the “anti-revelation principle”
manifests. We provide such conditions in Sections 4.2 and 4.3.

Inlight of Theorem 2 (ii), we abuse terminology slightly and call an optimal strategy

(), ) “dynamically consistent” if it leaves no surplus to the agent at every positive-
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probability history:"
for all stopping times 1 < 7, E[U (u,, 7)] = E[U(p,,1)].

Practically, Theorem 2 delivers a straightforward process for constructing dynam-
ically consistent strategies. First, derive the simple recommendation strategy which
solves Equation (R). By Theorem 2 (i), the optimal joint distribution over beliefs and
stopping times coincides with that in SPE”. Then, we modify this simple recommenda-
tion by replacing direct recommendations with “indirect ones”. This induces stochas-
tic interim beliefs which pushes up the agents’ endogenous “outside option” at interim
histories.!* The construction will be illustrated in Section 3.1, where we convert the
dynamically inconsistent “moving the goalposts” strategy (Ely and Szydlowski (2020))

to a dynamically consistent strategy that replicates the same outcome.

3.1 Application: “Inching” or “Teleporting” the Goalposts?

We revisit the model introduced by Ely and Szydlowski (2020), where a principal
dynamically persuades an agent to take on difficult tasks. We begin by recasting their
model in our framework. The task has an unknown difficulty x that equals the time it
takes to complete. The principal conducts a sequence of experiments that reveals the
difficulty.’ Let 6 = x, the effort threshold for success. c is the flow cost of effort. R is
the reward to the agent upon completion. The agent and principal discount the future
atratesr and r,, respectively. Translated into our framework, the agent’s indirect utility
Uis

U(p,t) =supE[1,,,e "R—c(l—e)].

s>t

Let s(p,t) denote the largest maximizer; the principal’s indirect utility is

Vut)=E [1 - e‘fﬁ(f"”].

7This is a slight abuse of terminology because we will use this terminology also for settings where all other conditions of
Theorem 2 hold but T is a continuum. In such cases, the extensive form game is not even well-defined.

18 A special case of this result was obtained in previous work (Koh and Sanguanmoo, 2024) which focuses on the case where the
agent is impatient. This excludes many environments of interest, such as that of “Moving the Goalposts” (Ely and Szydlowski,
2020). By contrast, Theorem 2 holds far more generally.

" Ely and Szydlowski (2020) assumes that the principal observes x at the beginning, which is different from our experimentation
interpretation. Such difference is inconsequential in their setting with full dynamic commitment but is crucial when commitment
is limited. We argue that our experiment-selection game fits the corporate succession/apprenticeships context of Ely and Szyd-

lowski (2020): the skill level of a worker/apprentice is often not directly observed but can be tested by the manager/master.
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In what follows, we study the binary task difficulty case, where ® = {x;, x;}, to illus-
trate the role of intertemporal commitment. We assume that (i) the agent is willing to
complete the difficult task when he has already worked for x; periods and (ii) the prior
belief is pessimistic enough that, sans additional information, the agent stops immedi-
ately.® We now introduce two vastly different strategies that optimally persuade the

agent when the principal has full commitment:

* Teleporting the goalposts: Ely and Szydlowski (2020), Proposition 3 shows that it

is optimal to “move the goalposts”:

The principal provides disclosures at no more than two dates. At date zero, the
disclosure is designed to maximize the probability that the agent begins working,
and at date x;, the disclosure is designed to maximize the probability that the

agent continues to x,.

The strategy is illustrated numerically in Figure 1.*' The red (blue) bars in the top
panel depict the probability of revealing x, (x;) at different points in time: with some
probability, the strategy reveals x; with certainty at t = 0, leading the agent to give
up. Absent the initial revelation, the agent becomes just optimistic enough that the
task is easy (with belief X) to begin working until the true difficulty is fully revealed
at t = x;. We plot the agent’s expected task difficulty E[x] (termed the “goalposts”)
on the bottom panel: it is initially set at ¥ and abruptly “teleported” to x;, at t = x; if

the task is difficult. Call this policy teleporting the goalposts.

* Inching the goalposts: following the initial revelation at the beginning of the game,
conclusive information that the task is easy is revealed at a Poisson rate to the agent
such that it keeps him just willing to work. Then, the agent’s posterior belief absent
the revelation gradually reaches the true difficulty at t* = x; — 7, i.e., when she is

indifferent between working to achieve the difficult task and stopping right away.

In Figure 2, we numerically illustrate the solution that inches the goalpost, with the
same color code as in Figure 1. For times t € [0, t"], the fact that the task is easy (x;) is
revealed gradually at a decreasing Poisson rate with pdf depicted by the blue curve

(not to scale). Hence, in the absence of evidence that the task is easy, the agent grows

2Formally, we maintain the parametric assumptions in Ely and Szydlowski (2020), Section IV that justifies “moving the goal-

—r _ . _ . *VX’
") = 0and x, —x < 7 and (ii) po(xp) > i = § S

' The parameters are settox; = 1,x, =2, R=25,c =1, r, =0.8, and r = 1. The prior belief is (0.2,0.8).

posts”: (i) T satisfies e "R —c(1 —e
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gradually more pessimistic that the task is hard. The corresponding goalpost [E[x]

increases gradually from X to x;, keeping OC-C binding at all histories.

Revelation

Probability
Revelation
Probability

.!"

E[x] T: : E[x]

z H

X1

b
S
X

0 x| time 0 t X time

Figure 1: Teleporting the goalpost Figure 2: Inching the goalpost

The two policies in Figures 1 and 2 induce the same distribution over the agent’s
efforts and are thus outcome-equivalent.”> However, we argue that in environments
where intertemporal commitment is unnatural and cannot be taken for granted, how
the goalpost is moved is crucial. As pointed out by Ely and Szydlowski (2020), the
teleporting policy is dynamically inconsistent: right before x;, the principal is tempted
to renege on her original strategy of disclosing the true difficulty of the task to the agent
since, by doing so, the agent would always work until x,.”* By contrast, the inching
strategy is dynamically consistent: the agent is kept indifferent between stopping and

continuing at any history, which does not allow the principal to extract excess effort.

Restoring dynamic consistency. We now show how the inching strategy can be sys-
tematically obtained via a constructive procedure. Consider a discrete-time version of
the model where the time space is the finite set T = {t;}.>* Let p denote the probability
that the task is hard (x = x;,). First observe that teleporting the goalposts implements the

22This is because early revelation of x; under the inching strategy still induces the agent to exert effort up to time t = x; to
complete the simple task. The revelation of xj, at ¢ also induces the agent to complete the difficult task.

»Indeed, Ely and Szydlowski (2020), discussing the relation to Orlov, Skrzypacz, and Zryumov (2020), write “The key differ-
ence is that in our setting, the principal has commitment power, while their sender cannot make use of promised disclosures.
Consequently, we obtain entirely different policies.” While Ely and Szydlowski (2020)’s model of observable x requires even
stronger commitment to implement, note that the reneging behavior results from the lack of intertemporal commitment, which
manifests in the experiment-selection game.

2We assume that T includes the several key times: {0,t",x;,x;} C T. As a result, the optimal belief-time distribution in the

continuous time model remains optimal here.
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same outcome by fully revealing the task difficulty at any time between t* (where the
hard task is just within reach) and x; (where the agent stops without further informa-
tion). Consider a policy that fully reveals the task difficulty at ¢t = ¢*. The outcome f is
represented by the solid black dots in Figure 3-(a). Beliefs are depicted on the vertical
axis, and time is depicted on the horizontal axis. We use t_; = t" to denote the last pe-
riod information is revealed. The teleporting strategy first splits the belief from p, to
py and 1 in the first period. Then, belief stays at y; until t_, and, at t*, the task difficulty
is fully revealed. This is depicted by the gray path in Figure 3 (a).

1

belief p(xy)

0 °

s 3

Ul t ) T

Ul t-1)

gty by t =t

(a)

time

0

()

belief p(xy)

1

Figure 3: Construction of a dynamically consistent strategy.

As suggested by Theorem 2 (ii), a necessary and sufficient condition to restore dy-
namic consistency is to raise the agent’s stopping payoff at interim beliefs. To achieve
this, we work recursively from the last period the agent receives information under the
teleporting strategy. The agent’s indirect utility in the last period t_; is depicted by the
black curve in Figure 3 (b). The sloped segment corresponds to the recommendation
“work until t = x; = 1”7 and the horizontal segment corresponds to “stop working”.?
Now consider any interim belief in the second-last period t_,. First, observe that the
expected payoff from revealing the state next period contingent on the period t_, be-
lief is given by the corresponding point on the black dotted line segment connecting
U(0,t_;) and U(1,t_;). On the other hand, the expected payoff from stopping at t_, is
given by U(-,t_,), the red curve. Therefore, to eliminate the surplus from continuing,
the (in this case, unique) interim belief is found by crossing the dashed line and the red

curve, leading to the red dot that pins down beliefs at time f_,.

»Recall that by construction, at t_; = t* and with belief y = 1, the agent is indifferent between stopping immediately and

working until t = x;, = 2.
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Note that in this example, since the payoff from “work until 1” is time-invariant,
the red curve coincides with the black curve for beliefs near 0. Therefore, we can also
find a second red dot on the left which simply coincides with the black dot that equals
the belief 4 = 0, i.e., the knowledge that the task is easy. We plot both red dots at time
t_, in Figure 3 (a). This fully pins down the information revealed in the last period:
split the red dots into 0 and 1, as is depicted by the red arrows in Figure 3 (a).

Similarly, the interim belief in period f_; is found by equating the segment connect-
ing the dotted segment and the blue curve U(:,f_3), leading to the blue dots in Figure 3
(b) and the corresponding blue arrows in Figure 3 (a) depict the information struc-
ture. The same can be done for the green dots at time ¢_; and we can recursively run
this process backwards in time until we reach period t;. The resulting strategy is ex-
actly inching the goalpost. Then, Theorem 2 (ii) implies that this dynamically consistent
strategy is the equilibrium path of an SPE” of the corresponding experiment selection
game. We relegate the full specification of the equilibrium to Online Appendix III.

We have illustrated how commitment can be restored in the canonical setting of
(Ely and Szydlowski, 2020). Our construction applies to more general persuasion en-
vironments, but proceeds similarly: starting from the last time information is delivered
under the optimal simple recommendation, we iteratively deliver interim information

so that the agent’s surplus is eliminated at all histories.

3.2 Discussion

Formulation of the extensive form game It is well-understood that in dynamic games
of incomplete information, different extensive forms (corresponding to the same strate-
gic form) have strong implications on the power of subgame perfection. We have chosen
this particular timing to eliminate all information sets, i.e. our game is one of complete

information so that every history corresponds to a proper subgame.*

No continuity gap Fix a continuous time space T. Consider a discretization of the
time space T = {t, ..., tj}. Let dr = max{t;,; —t;} denote the grid size of T. Let AFO(T) =
Ay, NA(A(O) x T) denote the set of feasible belief-time distributions supported on 7.

The following lemma shows that there is no continuity gap as the grid size converges

¢ An alternative formulation of the model is to have nature choosing a persistent 6 first, and having the principal choosing
statistical experiments about 6 (observing past signal realizations but not ). However, this approach leads to a game without any
proper subgame and subgame perfection has no bite. While it is beyond the scope of this paper to fully investigate the implication
of different extensive forms, we conjecture that the exact formulation of the extensive form game is inconsequential under the

solution concept of sequential equilibrium.
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to 0.

Lemma 3. Given Assumptions 1 and 2,V f € AM0 that satisfies (OC-C), Ve > 0, 40 > 0 s.t.
VT with dy < 0, there exists f € A, (T) that satisfies (OC-C) and d,(f, f) < €.

Conversely, for any sequence of (T") with dzw — 0 and f" € AFO(T”) that satisfies
(OC-C), there exists f € A, that satisfies (OC-C) and a subsequence (f™) s.t. fr 2 f.

Proof. See Online Appendix I.4. Q.E.D.

As a direct corollary of Lemma 3 and Theorem 2, the principal-optimal payoff
in continuous-time can be approximated by SPE” of the experiment-selection games
when the grid size converges to 0, and conversely, the sequence of SPE”s of the experiment-
selection games with converging grid size have an accumulation point that solves Equa-

tion (R) in continuous-time.

Necessity of a patient principal and an informational Coase conjecture Theorem 2
states that when the principal enjoys delay, the agent’s deviation from stop to continue
cannot induce the principal to reveal more information. We now give a simple sufficient
condition under which the principal’s impatience leads the SPE” to consist of full-

revelation at time ¢t = 1, which is clearly suboptimal under full commitment.
Proposition 1. Given u, € A(®)’, finite T and U,V satisfying Assumption 2. Suppose also:

(i) YO € ©, U(d, t) is constant in t and V (g, t) strictly decreases in t,
(ii) For every p € A(®)’, IEQNF[V(cS@,T)] >Vi(p,T).

Then, in the principal’s preferred SPE, she fully reveals 0 in t = 1.
Proof. See Online Appendix L.5. Q.E.D.

Condition (i) of Proposition 1 states that contingent on knowing the state, the agent
is patient while the principal is strictly impatient. Condition (ii) states that the prin-
cipal eventually prefers to reveal the state. Proposition 1 states that if the principal
cannot commit to staying silent, her temptation to reveal the state in the future forces
her to reveal the state right away. This might be viewed as a simple informational ana-

”.27

log of the “Coase conjecture”:*” just as a monopolist who cannot commit to a time-path

of prices must compete with her future self, so does our principal who cannot commit

7 See, e.g., Coase (1972); Bulow (1982); Stokey (1979).
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to staying silent. Indeed, for non-degenerate interim beliefs, the agent finds it optimal
to deviate from stop to continue until T, at which point the principal finds it optimal
to reveal the state. But anticipating this, and because the principal dislikes delay, she
fully reveals information immediately. We discuss Proposition 1 further in Online Ap-

pendix IV.

Decoupling different kinds of commitment Taken together, Theorem 2 and Propo-
sition 1 offer a rich picture of dynamic persuasion games when the principal has the
ability to commit to a static experiment, but lacks the ability to intertemporally com-
mit. This complements a recent literature on strategic communication analyzing how
the principal’s payoff varies as her ability to commit to a static experiment diminishes
(Lipnowski et al., 2022). Indeed, we view these as quite distinct kinds of commitment.
Our contribution is to make precise when and how the principal can overcome her lack
of intertemporal commitment to attain her commitment payoff (Theorem 2), and when

she cannot (Proposition 1).

4 PERSUASION V.S. DELAY: THE TRADE-OFFS

We have developed a unified and tractable approach for solving dynamic persua-
sion problems. We now employ this to characterize the form of dynamic persuasion in
environments where the principal would like to both delay the agent’s decision, as well
as influence it via persuasion.

There is, of course, a natural tension between these goals: delay entails delivering
valuable future information, while persuasion necessarily garbles/degrades it. In this
section we make these tradeoffs precise by developing a unified analysis of how (i)
complementary vs substitutability of persuasion vs delay; and (ii) general properties
of the principal and agent’s time preference shape the optimal dynamic information
policy.

In Sections 4.1 and 4.2 we first analyze a canonical binary-state, binary-action en-
vironment in which the principal has general preferences over the agent’s action and
stopping time. This offers a simple and transparent environment for us to analyze the
key tradeoffs, contrast predictions against the well-known static solution (Kamenica
and Gentzkow, 2011), and highlight distinctive implications of richer modelling along
the time dimension. We will completely characterize optimal persuasion strategies
there. Then, in Section 4.3, we establish that the main features from the binary envi-

ronment hold more generally.
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4.1 The binary environment

The state 0 can be either L (left) or R (right). The common prior belief yy(R) € (0, 0.5)
and let p;, := IP(6 = R|F;) denote the agent’s posterior belief at time ¢, conditional on
observing the information provided by the principal. The agent takes a binary action

¢ or r. The agent wishes to match the state:
Match: u(L,€,t) = u(R,r,t) =1 —c(t) Mismatch: u(L,r,t) = u(R,€,t) = —c(t)

Hence, the agent’s indirect utility function is U(y, t) = max{u, 1 — u} — c(t). The princi-
pal’s prefers that the agent stops later, but otherwise has arbitrary state-independent

preferences over the agent’s choice of action and stopping time:
Choose €: v, + hy(t) Choose r: v, + h,(t)

where hy, h, are strictly increasing and differentiable and we normalize v, > v, h/(0) =
h,(0) = 0, and c¢(t) = t without loss.”® Let Av := v, — v, and Ah(t) := h,(t) — h,(t).
Our framework is rich, and allows the (i) marginal delay gain i.e., h; and h;; and (ii)
marginal persuasion gain i.e., h, — h, evolve in time.

We will analyze how these matter for the qualitative properties of optimal dynamic
information. While our induced belief process in (P) can be arbitrary, two kinds of

strategies will feature prominently:

1. Suspense-generating: The principal generates suspense by conducting a sequence
of experiments that induces interim beliefs on one of two paths—the L path p/
stays below 0.5 and the R path p} stays above 0.5. In each period, an experiment
reveals a plot twist, i.e., belief jumps to the opposite path at an appropriate Poisson
rate. The absence of the plot twist confirms the current belief, leading the agent’s
belief to drift along the current path. This is depicted in Figures 4 and 5 for times
up to t;.

2. Action-targeting: The principal conducts an experiment that reveals the L (resp.,
R) state at a Poisson rate. When L (resp., R) is revealed, the agent immediately stops
and chooses ¢ (resp., r). The absence of further revelations induces the agent’s
belief to drift towards R (resp., L) gradually. This is depicted by Figure 4 (resp., 5)

for times between ¢, and t,.
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These strategies serve distinct but complementary roles; we will combine them to

generate a rich class of dynamic persuasion strategies pinned down by t;, a € {{, r}, and

t, as follows:

* Suspense''-(" runs in two stages and is depicted in Figure 4. During the first stage
[0, 1,), the principal generates suspense with the two belief paths " and y~.2° The
two paths are chosen such that the agent obtains no continuation surplus over the
duration of suspense generation. At the end of the suspense stage t = ¢;, the agent
is either certain the state is L (,utL1 = 0) which induces stopping and choosing I, or

yff = 2’4’:"_t1 which leads to the second stage.

In the second stage [t;,t,], the strategy reveals state L at a rate which is chosen such
as to keep the agent’s continuation incentive (OC-C) binding. This pins down a
unique continuing belief path y; (t) := ytlfet_t‘. If the state L has not been revealed

by time t,, the agent stops and takes action r under belief ; (t,) € [0.5, 1].

Suspense''-r'2: runs in two stages and is depicted in Figure 5. As before, suspense
is generated over [0, t;) with two belief paths chosen so that the agent has no con-
tinuation surplus.’® At the end of the suspense stage t = t;, the agent is either
certain the state is R (yg’; = 1) and stops and chooses r, or ,utLl =, = "1";? , which
leads to the second stage. Then, over [t,, t,] the strategy reveals state R, once again

at a rate which is chosen such as to keep (OC-C) binding and pins done a unique

*#Setting v, > vy is wlog as otherwise we can flip the labels of the states. Setting h,(0) = h,(0) = 0 is wlog as otherwise we can

adjust v, and v,. c(t) = t could be obtained by scaling the time space: t — c(t). Then, h,, h, are converted to hyoc™', h,oc™".

-1

»They are given by yf = yo% and puf = ’“’z(%f‘t:'t) Implicitly, we require ¢, < p, to guarantee that ;A,If €(0,1).
(1+t=t; )uo—t R _ 1+t=(2+t=t o
1-t; and = 1+t =20

¥ They are given by ;A,L = and depicted as the green and purple dotted lines in Figure 5.

26



continuing belief path ,u:rl (t):=1-(1- ytI; )e'™'1. If the state R has not been revealed
by time t,, the agent stops and takes action [ under belief y:l(tQ).

The first time t; represents the duration of suspense: as t; gets larger, the principal
increasingly delays the beginning of revelation—leading the agent’s stopping times to
concentrate on the interval [¢,,,] shifted further into the future. The action that is
targeted represents the direction of persuasion, leading to different states being revealed
over time. Finally, the second time t, represents the scope of persuasion: as ¢, gets larger,
the posterior beliefs of the agent necessarily become more dispersed to compensate the
agent for waiting, implying that more information is revealed throughout the process.

Instead of reducing the strategies to simple recommendations, we have leveraged
our results from Section 3 to describe them in terms of indirect recommendations. This

guarantees robust predictions irrespective of the level of intertemporal commitment.
4.2 Characterization of optimal strategy

t
Proposition 2. Let W(t,t,) := Lz e hy(s)ds + e "2h/(t,) and 0 < t, < t, < ,u;l_l(l). If the

Suspense'' ("2 strategy is optimal, then the following conditions hold

(@) FOC for ty: Av + Ah(ty) = H.(t,),
(b) FOC for t,: W(t,,t,) > hy(t,) with equality when t, > 0,
(c) Local SOC: hy(t;)-t; <0, h/(ty) < AW'(t,).

Conversely, if conditions (a)-(c) above hold and, in addition,

hy(t), b/ (t) <0 Vit <t

(d) Global SOC:
max{h;(t),0} < W,(t,t,) — hy(t) VYVt >t,,

then the Suspense'' -£'2 strategy is optimal.
Proof. See Online Appendix I.6. Q.E.D.

Proposition 2 provides a near complete characterization of the conditions that jus-
tify the suspense-¢ policy. The FOCs in Proposition 2 pin down the three parameters
t;,t, and a and quantify three key trade-offs: (i) persuasion gain; (ii) time-risk prefer-
ences; and (iii) persuasion-delay complementarity vs substitutability. We discuss each

in turn.
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Persuasion gain determines the scope of persuasion. The scope of persuasion ¢, is
pinned down by condition (a) of Proposition 2. In particular, the magnitude of Av (the
“time-0” persuasion gain) relative to Ah(t) (additional persuasion gain at ) determines
the location of ¢,. If Av is large relative to Ah, the principal would like to maximize
the probability the agent chooses 7, and so chooses an early terminal time (f, small)
and a less dispersed terminal belief (s, (¢,) closer to 0.5). In the limit, this recovers the
benchmark static persuasion policy which induces immediate stopping with posterior
beliefs 0 and 0.5. Conversely, when the time-0 persuasion gain is small relative to the
additional persuasion gain, the principal is willing to induce a later terminal time ¢,

and compensate the agent for waiting by inducing a more dispersed terminal belief
l‘t*l(tz)'

Time-risk attitudes determine the duration of suspense. The existence and duration
of the suspense stage are tightly connected to the curvature of the principal’s delay gain
and is pinned down by condition (b) of Proposition 2. Conditional on having suspense,
the duration is determined by W(t,,t,) = hy(t;). W(t;,t,) can be viewed as the marginal
loss from increasing the suspense window ¢; since the agent must be compensated by
way of additional information over [t,,t,]. Comparative statics with respect to the cur-
vature of h is straightforward, given our characterization. Fixing t, (which is pinned
down by the persuasion gain) and h,(t,), suppose h,(t) gets more concave. Then, this
implies that h,(t) gets smaller for every t > t;. This pushes down W(t;,t,) which im-
plies the optimal suspense window t; becomes larger. In the extreme case where h;, is
strictly convex, the second-order condition (c) rules out any suspense.*!

When and why does the principal prefer suspense? We have already seen that a
time-risk loving principal with convex delay payoffs rules out suspense.’> A simple
sufficient condition for suspense to be optimal is concavity in delay payoffs h,, h, so the
principal is (relatively) time-risk averse.*> Thus, the principal prefers a less dispersed
stopping time which is precisely achieved by generating suspense: it keeps the agent
engaged, but never certain enough to make a decision, which concentrates the agent’s

stopping times on the window |[t,,t,] shifted further into the future. This raises the

31 We emphasize, however, that with /i, strictly convex, {-targeting with ¢; = 0 can still be optimal as long as the second condition
of (d) is additionally satisfied.

2While the case of standard exponential discounting is not nested in our baseline model, the more general Proposition 5 rules
out suspense generation under any time-risk loving preferences, including the case of exponential discounting.

*Recall that we normalized the agent’s waiting cost to be linear in time so the time-risk attitude of the principal is relative to
that of the agent.
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question of why the principal does not simply eliminate all time risk by concentrating
the agent’s stopping on t; = t,: this is indeed optimal when h,(t) = h,(t) such the
principal’s time preferences do not change with the agent’s action. But we will soon see,
more generally, when the principal has differential delay preferences across actions,
she sets a non-degenerate window [t;,t,] to optimally trade off time-risk elimination
for action prioritization.

Note that the “plot twists” in the suspense-generating stage are not simple rec-
ommendations while the action-targeting stage is. Thus, our analysis also sheds light
on how the time-risk preference interacts with intertemporal commitment: time-risk
aversion necessitates frequent indirect messages to tie the principal’s own hands under
limited commitment. Meanwhile, under time-risk seeking preferences, simple recom-
mendations / direct messages are sufficient with or without intertemporal commit-
ment. Suspense generation is closely related to the “suspense-optimal” information of
Ely, Frankel, and Kamenica (2015). However, there are key differences: in Ely, Frankel,
and Kamenica (2015), the two belief paths are chosen so that the “residual variance” of
the terminal belief conditional on the interim belief declines at a constant rate to max-
imally “smooth the consumption” of the variance reduction. In our model, however,
the two belief paths are chosen that the continuation value of the agent declines at the
rate that offsets his loss from delay so that the agent always obtains a zero surplus from

continuation.?*

Persuasion-delay complementarity/substitutability determine direction of target-
ing. The direction of targeting over the interval [t;,?,] hinges on whether persuasion
and delay are complements or substitutes. Suspense-¢ is optimal (Proposition 2) when
they are complements such that delay enhances the initial persuasion gain i.e., Ah(t) is
increasing in time. In this case, the principal benefits from positively correlating the
event that the agent takes action r and the event that the agent stops late. {-targeting
facilitates this by offering the agent a specific kind of information to induce waiting:
over the interval [t,t,), the agent might conclusively learn the state L, which induces
immediate stopping and choosing ¢; if this does not happen, the agent stops at t, and
chooses r. This strategy maximizes the probability that both late stopping and action

r obtains. The induced joint stopping time-action distribution is illustrated on the left

3 The “suspense optimal” strategy as in Ely et al. (2015) is also optimal in frictional dynamic learning settings under time-risk
aversion (See, e.g., Georgiadis-Harris (2024); Chen and Zhong (2024)). Although the time-risk attitude plays a similar role as in

our model, the strategy is different from ours and is driven by a different force to smooth the acquisition of information.
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in Figure 6.

Figure 6: Illustration of persuasion-delay complementarity vs substitutability

. P(r <t,a=1) . P(t<t,a=r)

q
persuasion — delay complementarity persuasion — delay substitutability :
— late stopping on action r — late stopping on action | <
—early stopping on action | —— — early stopping on action r I
A ~ “ f i ~———" i
suspense {-targeting suspense r-targeting

Now suppose, instead, that persuasion and delay are substitutes such that delay
diminishes the initial persuasion gain i.e., Ah(t) := h,(t) — h,(t) is decreasing in time—
although, we emphasize, both h, and h, remain increasing so the principal unambigu-
ously enjoys delay. This can induce the principal to employ suspense-r; our next result

pins down precise conditions under which this is optimal:**

Proposition 3. Let W(t;,t,) = f:z e h)(s)ds + e hy(t,) and 0 <ty < t, < ﬂ;rl_l(o)- If

the Suspense -2 strategy is optimal, then the following conditions hold

(b) FOC fort,: W(t,,t,) > h,(t,), with equality when t; > 0,
(c) Local SOC: h/(t;)-t; <0, hj(t,) < —AK(t,).

Conversely, if conditions (a)-(c) above hold and, in addition,

hy(t), h(t) <0 Vi <t,
max{h;(t), 0} < ™" (h£<t1> -, e‘”“hxs)ds) “hi(t) iz,

1

(d) Global SOC:

then the Suspense’ -r' strategy is optimal.

The key difference across the conditions justifying suspense-r over suspense-/ is
condition (a): for suspense-r to be optimal, the principal’s action preference must re-

verse: although the principal initially prefers action r over ¢, she prefers ¢ over r at

3 Proposition 3 is a direct corollary of Proposition 2 by switching the labels ¢ and r.
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time t,; that is, persuasion and delay are substitutes. In such cases, the principal ben-
efits from negatively correlating the event that the agent takes action r and the event
the agent stops late. r—targeting facilitates this by offering the agent Poisson arrivals
of conclusive information that the state is R over the interval [t;,t,). Upon arrival of
such news, the agent is induced to stop immediately and choose r; if this does not hap-
pen, the agent stops at ¢, and chooses ¢. This strategy maximizes the probability that
either the agent chooses action r, or the agent stops late. The induced joint stopping

time-action distribution is illustrated on the right in Figure 6.

Complete comparative statics We have chosen to present Propositions 2 and 3 in
terms of necessary and sufficient conditions for the optimality of suspense-€/r strate-
gies to explicitly quantify the three key tradeoffs. One might wonder how special these
conditions that justify such strategies are. It turns out that such strategies are broadly
optimal whenever the sender’s delay gain is concave. With the formal statement rele-

gated to Online Appendix V, we state an informal version of the proposition here.

Proposition 4 (Informal). If h,, h, are concave, a “generalized” Suspense-C (Suspense-r)
strategy is optimal if persuasion and delay are complements i.e., Ah’ > 0 (substitutes i.e.,
AW’ <0).

The “generalized” Suspense-{(r) strategy extends the Suspense-£(r) strategy to cover
several corner cases and close variants. Nonetheless, they are qualitatively similar, and
a formal definition is in Online Appendix V where we derive complete comparative
statics with respect to preferences to show that the insights we develop in Section 4.2

continue to hold.

Discussion of the binary environment Our setting captures a wide array of commu-
nication environments where the principal has incentives to both extend the length
of the principal-agent relationship (by delaying the agent’s stopping time), as well
as influence the agent’s decision. Such principal-agent incentives arise in the cases
of prosecutor-jury (Kamenica and Gentzkow, 2011), advisor-politician (Morris, 2001),
manager-board of directors, advisor-student (Fudenberg and Rayo, 2019), supervisor-
worker (Ely, Georgiadis, and Rayo, 2023), consultant-client and so on.*

Importantly, marginal delay and persuasion gain richly vary across these commu-

nication environments. For instance, in financial contexts, the client’s delay cost is

*See also Aghion and Tirole (1997); Armstrong and Vickers (2010); Che et al. (2013).
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typically explicit time discounting, leading to time-risk loving preferences and, conse-
quently, no suspense generation. Meanwhile, in legal contexts, the jury might suffer
increasing marginal costs of delay, leading to time-risk aversion and the generation of
suspense. Likewise, whether persuasion and delay are complements or substitutes dif-
fer: a prosecutor might wish to drag out a trial because of the publicity it generates,
which enhances her payoffs from obtaining a conviction. Then, persuasion and delay
are complements and Proposition 2 suggests {-targeting i.e., searching for conclusive
evidence of innocence is then optimal. Conversely, the prosecutor may benefit from
either wearing down the defendant via delay which makes a plea deal more likely, or
from obtaining a conviction. Then, persuasion and delay are substitutes: the prosecu-
tor would thus like to maximize the chance that either event happens, which is achieved
by r-targeting i.e., looking for conclusive evidence of guilt.

Propositions 2 and 3 relate directly to recent work on dynamic persuasion with bi-
nary states by Che, Kim, and Mierendorff (2023) and Escudé and Sinander (2023).*
These papers exogenously constrain the set of available information structures. For in-
stance, Escudé and Sinander (2023) imposes a constraint on the drift of signal process
driven by Brownian noise (so the belief process is continuous). Che, Kim, and Mieren-
dorff (2023) constrains the principal to allocate a limited capacity across conclusive
L/R signals (which, if generated, are also costly). In both papers, the principal’s gain is
purely from persuasion. Different from these papers, persuasion in our environment
is fully frictionless—the principal can choose any sequence of experiments—and de-
lay arises as a by-product of differential time-risk preferences. Moreover, we allow the
principal’s marginal gain from delay vis-a-vis persuasion to vary flexibly with time.
This serves as a benchmark case and unveils a richer picture of what matters for the

form of optimal dynamic information.*

4.3 General time-risk preferences and the timing of persuasion

The binary environment allowed us to obtain a sharp characterization of optimal
persuasion strategies. We will now show that the qualitative features underlying the
persuasion vs delay tradeoff hold more broadly in general environments with time-risk
loving / averse preferences. We will maintain an additional regularity assumption that

T =[0,T]and U,V are twice differentiable with respect to t. When preferences are con-

%7See also Henry and Ottaviani (2019) and McClellan (2022).
3%In Online Appendix VI we also show how frictions like costly or constrained information generation for the principal can be

readily embedded within our framework.
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vex in time, the optimal simple recommendation strategy keeps the agent indifferent

between continuing and stopping:*

Proposition 5 (Time-risk loving). Suppose (V, > 0, U; > 0) or (V, > 0and V], U/ > 0
(with at least one strict inequality)). If f, A solve (D) and t = supsupp(f) < T, then
(OC-C) must be binding for all t < t.

Proof. See Online Appendix I.7. Q.E.D.

Proposition 5 states that when the principal and agent are both time-risk loving,
the optimal simple recommendation strategy must keep the agent indifferent between
stopping and continuing at all times.*’

To see why this is a strong prediction, consider the case where the agent is strictly
impatient and an interval (¢,¢’) on which the agent does not stop. Then, the contin-
uation payoff of the agent is constant on the interval but his stopping payoff strictly
decreases over time; hence, (OC-C) must be strictly slack on the entire interval. Per
Proposition 5, such strategy cannot be optimal. Therefore, Proposition 5 effectively
rules out any strategy that creates “suspense” under time-risk loving preferences.

A further implication of Proposition 5 is that, since (OC-C) is binding for all times,
Theorem 2 implies the optimal simple recommendation strategy is dynamically consis-
tent. Thus, under time-risk loving preferences, the “revelation principle” holds even
under limited commitment: considering simple recommendations is without loss both
with and without intertemporal commitment.

To state the result regarding time-risk aversion, we impose a technical regularity

condition on the solution.

Definition 3. Suppose f and A solve (D). Let t = sup,supp(f). f,A are regular if (i)

Jp* = lim,_; i, (ii) (;4*,?) € supp(f), and (iii) % is bounded for t — .

Definition 3 requires that the continuation belief fi;, as it approaches the terminal

time #, converges to a belief-time pair in the support of the optimal distribution f. This

% This generalizes the Suspense’! -¢/r2 strategy in the special case in which t; = 0 i.e., no suspense-generating stage.

“The condition < T is innocuous: if it is not fulfilled, we can expand the domain T until T is not binding. There is a special
case where f has infinite support when T = oo. In this case, the statement of Proposition 5 still holds. See the discussion in
Footnote 46.
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condition is satisfied in all our applications. Define

Jy(t) = Mrgﬁg) Vi(u,t) Ju(t) = J&% Ui(p, t)
) and _ ) .
J, ()= ﬂrerzl(%)Vt(ﬂ; t) J,(t) = min Ui(p, 1)

In words, ], and ] describe the range of the time derivative V, across different beliefs.
14 Ly 8 t

In the special case where V is separable in y and t, ], = J,- The same applies to Jy and

J

Uy’
Proposition 6 (Binding the persuasion window). Suppose V/, U; < 0, regular f and A
solve (D). Let t = inf; supp(f) > 0. Then,

_ —1 —1
F<max {7y o, 0,70 1,0},

—1 —_
where the max is taken over the image of correspondences |y, and J; .

Proof. See Online Appendix I.8. Q.E.D.

Proposition 6 establishes a bound on the size of the “persuasion window”, i.e., times

at which the agent may stop and act. ] (¢) is the principal’s minimal marginal de-

lay gain at t. Then, 7‘_,1 o] V(g) gives the latest time at which the principal’s maximal

marginal delay gain is as high as the minimal marginal delay gain at t. Therefore, for all

t > max {7\_/1 °] V(E)j; °J, (E)}, the marginal delay gain (for both the principal and the

agent) must be lower than that at f for arbitrary belief. Roughly, max {f‘_,l o lv(t), 7; o 1U(t)}—
t measures the time-concavity of V and U relative to their variation across different be-
liefs. The gap is smaller when V, U are more concave in t or there is less variation in V;
and U;. Proposition 6 states that the more (relatively) time-concave U and V are, the
smaller the persuasion window is. In the extreme case where U and V are separable
in p and t, the persuasion window must be degenerate. In contrast with the time-risk
loving case we analyzed above, Proposition 6 implies that time-risk averse preferences
necessarily leads to a period of time prior to any stopping.

Note that if the agent is strictly impatient, (OC-C) is necessarily slack for all t < t,
rendering the simple recommendation ((ytf ), /) dynamically inconsistent. Therefore,

in time-risk averse settings with limited commitment, the “anti-revelation principle”
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applies: the principal must utilize a generalized suspense-generating strategy to max-
imally release interim information to the agent over [0, t) up to the point that the agent
gets no surplus from continuing.

Despite their importance, the implication of time-risk attitudes on dynamic per-
suasion has—in our view—been under-explored. In particular, the discounted utility
model has been considered the standard model and provides technical convenience
since it is amenable to canonical recursive techniques. However, as we have illustrated,
this technical convenience comes at the cost of unintended consequences of dictating
the timing of persuasion. This insight has been alluded to in a few recent papers that
adopt the standard discounted utility model and show that asymmetric discount rates
lead to non-trivial implications for the timing of revelation (See, e.g., Ely and Szyd-
lowski (2020) and Saeedi et al. (2024)).*' Two unique features of our framework allow
us to fully delineate the implications of time-risk attitudes on dynamic persuasion.
First, Lemma 1 and Theorem 1 allow us to handle richer preference structures that are
not necessarily time-stationary—we brought this to bear in Propositions 2, 3, 5 and 6.
Second, Theorem 2 allows us to better understand how time-risk attitudes and com-

mitment (or lack thereof) jointly shape specific persuasion modes.

5 DiscussioN AND EXTENSIONS

We have provided a unified analysis of optimal dynamic persuasion in stopping
problems. Under full commitment, we established a “revelation principle” which con-
verts the dynamic problem into a semi-static problem. We then established strong du-
ality and showed how the problem can be solved with a first-order approach via a novel
concavification technique (Theorem 1). Without intertemporal commitment, we estab-
lished that equilibrium outcomes coincide: the principal obtains her commitment pay-
off even in the absence of commitment (Theorem 2 (i)). However, equilibriumstrategies
differ: direct recommendations no longer suffice; instead, the principal leverages max-
imally informative “indirect messages” to tie her hands. We made this precise via an
“anti-revelation principle” (Theorem 2 (ii)).

We then analyzed how optimal dynamic information trades off persuasion against
delay. Optimal information often utilizes both suspense-generation featuring “inconclu-

sive plot twists” which concentrates the agent’s stopping time, and action-targeting fea-

“Ball and Knoepfle (2023) studies a different setting of inspection. There, the asymmetric arrival rates of good / bad news lead

to different time-risk attitudes, which determine the optimal timing of inspection.
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turing stochastic arrivals of “good news” or “bad news” which correlates/anti-correlates
persuasion and delay (Propositions 2 and 3).*> Our analysis made precise how the prin-
cipal’s choice is jointly shaped by (i) time-risk preferences; (ii) persuasion vs delay gain;
and (iii) persuasion-delay complementarity vs substitutability. We further showed that
the impact of time-risk preferences on optimal information holds in more general en-
vironments (Propositions 5 and 6).

Finally, our results were obtained within a simple but canonical environment. This
allowed us to transparently analyze the interplay between persuasion, timing, and
commitment under general time-risk preferences. Nonetheless, our framework can be
readily extended to handle more complicated environments such as those with costly

information generation, or with a changing state (see Online Appendix VI).
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A ArpeENDIX: OMITTED PROOFS

A.1 Proof of Theorem 1

Proof. Sufficiency: Suppose for the purpose of contradiction that (f, a, A) satisfies Equa-
tion (FOC),(OC-C), and the complementary slackness condition £(f, A) = E¢[V] but f is
suboptimal in (R). Then, there exists f' € A, s.t. L(f,A) < L(f’,A). Then, since L is
concave, Ya €(0,1),

Llaf +(1-a af EURD) S rif A = £(F, A) > 0

s pi 2@ A= f, N = L A) > L(f,A) > 0

a—0 a

— [ V0 - fipdn + JT || vt = pap avane

1} ﬂ/ltl ,+ ]._0( dﬂ,d[, _U I/l dl/l;dl ’
teT?

2MaXyev,uy) V) P~ )(dp.dT)

=>J (. )(f = f) d%df+jTj U, t)(f" = f)(dp, dr)dA(t)

- V U d )d , ’ d ,d dA 0
JteT (L>t #f(dp,dr) t) J- p(f = f)(du,dr)dA(t) >
= Jlf,A(f'—f)(dy,dt) >0

- IEf’[lf,A] > a- Yp.

— lim

Note that in the fourth inequality, the selection of sub-gradients can be arbitrary. The last
inequality violates Equation (FOC).

Necessity: Suppose f solves (R). Given strong duality, let A be the minimizer in (D).
When defining lf A(p,t), make the following selection: ¥Y(u,t) € D, if t <, V.U, t) =
argmaxyev, (i, ¥ * 1> ift >t,V LU (0, t) is chosen that V,U(0,¢) - u = U(p, t). Define

I(u) := sup Bp[lpa(v,1)].
freh,
Let a- u be the supporting hyperplane of I at . Then, l¢ A(p,t) < a-p. Next, we prove that
E¢[lf a(p,t)] = a-py. Suppose for the purpose of contradiction that IEf[l},A(,u, t)] <a-py—
for € > 0. There exists a finite support f’ € A, s.t. Ep[lf ] > a- py — €. Then,

i £1@f + (= )f, A) = £(f,)

a—0

84
- fvw, OOF — f)(dp, dt) + f f UG ('~ F)(dp, d)dA(H)
teTe Jr>t
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¢ U(f.,maf + (1 -a)f)dpdo),t)-U ([, pf(dpdr),t)

~lim dA(t)
a—0 teT® o
> | Viw, t)(f = f)(dp,dt) U, t)(f' = £)(dp, d7)dA
>J (,t)(f = f)(dp t+LTJ (m)(f" = f)(dp, dT)dA(t)
- 2 )(dp, d7)dA(t
tevsgjpm Ltyj p(f = f)(dp, dr)dA(t)
—J U U 7 f’(d/u,dr),t)d/\(t)
t>t >t
> | Vi, t)(f - f)(du,d U, t)(f' - f)(dp, dt)dA
>J (w, t)(f = f)(dp t)+LT°f (m)(f" = f)(dp, dT)dA(t)
—J-j sup - p(f' = f)(dp, dr)dA(t)
t<t Jr>t yeV, U (ft)
—J U U uf (dp, dT),t)dA(t)
> | Vw, t)(f = f)(dp,d U, t)(f' = £)(dp, d7)dA
> [voun = paman+ [ [ oo - i dananc
—J j sup - p(f = f)(dp, dT)dA(t)
t<t Jr>t yeV,U(fit)
|| vinsiananaae
t>t JT>t
= [voun - pdman+ [ [ oo - fidpdodan
teT° Jr>t
—JT U VU (fi, 7) - pd AT )f f)(dp, dt)
teTe T<t
=Ej_fll} alp )] > 5e.
Contradicts the optimality of f. Q.E.D.

A.2 Proof of Theorem 2

Proof. We prove Theorem 2 via an auxiliary problem. Given process ({i4;), ), Y(¢',t') € D,
define A, = {f € A(A(®) x [t',00) N T)|Ef[u] = p’} and

W) = sup [ Vinnfidp,d

feA’/,t;

s-t-f U(wy)f(dp,dy) =2 U (J pf(dp, dy),t), Vit
y>t y>t
We consider pairs of ({), ) that satisfy the following condition:
(', t') € supp(pulice)s BV (pe, OV Fps pr = ', T > £ 2 W', 1), (3)
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Lemma 4. If 0 € SPE(T), then E[V (#(0)(s), T(0))] < (R).

Proof. Let f ~ (4(0)y(), T(0)). At any on-path history H,,,,t", the agent may choose o4 =
dstop to guarantee an interim payoff of U(p,t) < U(0|Hyyy,t"). Since U is convex in ,
E[U (s, t)|t < t(0)] = U (E[p|t < T(0)],t). Combining the inequalities

U 0)f(dp, dr)

J.., f(du,d)

=FE [U(G|Ht+1: t+)|Ht+11 t+]

>E[U (4, 1)]t < 7(0)]
>U (E[p]t < t(0)], 1)

_ U (L>t ﬂf(d}l, dr), t)

| .. f(dp,dr)
™>t
On the RHS of the first line, the expectation is taken over all on-path histories in period t,

which is identical to the event t < (o) in period t. Therefore, f is feasible in (R). Q.E.D.

Lemma 5. Suppose finite support ((y;), T) solves (P), ({y;), T) satisfies condition (3) if for any
stopping time 1 < t, IE[U (., 7)] = E[U (4, 1)].

Proof. Suppose condition (3) is violated at the history corresponding to filtration F;, con-

ditional on py and 7 > t. Let fi ~ (pr, U)l 5 oot P = Prob(F,p, v > t). Let f, ~

(Her O)lnot(Fu,e>t) and po = 1 —py. Then, f = fip; + f,p,. Since (3) is violated, let fe Ayt

be the deviation and f = f'p; + f,p,. Then since f’ strictly improves on f;,
E;[V]=pEp[V]+ pEg[V] > Ef[V].

Next, we verify that f is feasible under (P). For all times ¢’ > t,

J U(u, p)df =p1f U(,”'y)df/"’PzJ U(p,v)dfa
y>t’ y>t’ y>t’

>p,U (j udf’, t')
y>t’
=U (Pl J‘ pdf’, t/)
y>t’
=U (f ,udf, t')
y>t’

The second line is from the feasibility condition in the deviation and f, having no mass
when y > t' > t. The third line is because U is homogeneous of degree 1. The last line is
from f being identical to p, f’ when y > t. For times t’ < ¢,

) dAZl ) df’ 2 ’ d2
J;»/U(P‘ y)df =p L>tU(P‘ y)df +p L»/U(ﬂ y)df;
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-
>p, U U ﬂdf’,t) + D, U(p,p)df,
y>t ay>t’

=p1UU ﬂdfpt)wz U(p,y)df,
y>t Jy>t’
.
=p1f U )df +ps | Ulnp)dfy
y>t

Jy>t/
= J U(p,p)df
y>t’

>U (J pdf, t')
y>t
o[

The second and third lines are from the feasibility condition in the deviation. The fourth

line is from (3) since the agent is indifferent between stopping and continuing conditional
on the history leading to distribution f;. The last inequality is from the fact that E[u] =
E¢[pu]. Therefore, f is feasible and yields strictly higher payoff than f, a contradiction.

Q.E.D.

Lemma 6. There exists a finite support ({y;), T) that solves (P) and for any stopping time 1 < t,
IE[U(:MT’ T)] = IE[U(]’tU l)]

Proof. Step 1: We show that f solving (R) can be chosen to have finite support. Given an
optimal f, Vt € T, solve

Eq[V (1)
fnax) V()]

. {IEf'[U(%t)] > Ef,[U(p, t)]
Epp = Ef, p.

By Theorem 1 of Zhong (2018) there exists a maximizer f’ that has finite support. Then,

replacing f (-, t) with f'(-)x f(A(0), t), weakly improves [E¢[V'] and [E;[U] without impacting

U(fi;, t). Therefore, the modlﬁed f is still optimal and satisfies (OC-C). By modifying f at

each t, we obtain f solving (R) with a finite support.

Step 2: begin with the simple recommendation strategy ((ytf), 7). We show recursively
that it can be modified to have the agent indifferent between continuing and stopping
at every interim belief. Suppose that t is the last period of the finite support strategy

({#:), T) at which the agent strictly prefers continuing at interim belief 4 = fi; at history
F;. Suppose p splits into (y;)i=; in the next period, satisfying p = )_ p;p;. Then, for each i,
pick A; > 0 s.t.

U, t+1) + zp] ;,t],t+1 Ui + (1= A)u, t).
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Note that the LHS is weakly lower than the RHS if A; = 1 since U is weakly decreasing.
The LHS is strictly higher than the RHS if A; = 0 since continuing is strictly better. Such A;
exists due to the continuity of U. Let fi; = A;; + (1 — A;)p. Then, modify ((y), 7) as follows.
Conditional on fi;_;:

+ For each ji; € supp(f (- )), Prob(s, = ;T = tfi1) = (1, 1)/ f(A(®), 7).

_ il fuh)
L pi/ % FB@©)0

In words, the conditional stopping distribution is maintained. Conditional on continuing,

* For each i, Prob(y; = ji;, T > t|fi;_;)

u is further split into fi;. It is easy to verify that E[p|fi,_;] = fi,_;. Next, conditional on
P = it
* Prob(p = pylw) = (1 - /\j)Pj + 124

The conditional stopping probability in period t + 1 stays unchanged. In words, each f; is
split into y;’s in the next period. It is easy to verify that (u), remains a martingale. By the
definition of A;, the agent is indifferent at each fi.

Then, since the time space T is finite, we can iteratively apply the procedure above to
obtain the finitely-supported strategy ({y);, 7) where, by construction, the agent finds it
optimal to stop at any interim belief in the support. Q.E.D.

Lemma 7. If finite support ((;), T) satisfies condition (3) and V(u,t) strictly increases in t,
then Ao € SPE"(T) s.t. (i), 1) £ (p(0), T(0)).

Proof. We proceed by inducting on the size of the time space T. Consider the base case
T = {1}. The history H; = (y,) is unique and condition (3) has no bite as there is no interim
belief. Recall I; € A*(©) be the distribution of y;. I; solves (R):

I € arg max E[V(p,1)] st Efp] = po.

op(H,) = I, constitutes an SPE” with strategies (u(0), t(0)) 2 (M1, 01)-

Next, assume the induction hypothesis that the statement is true for times T = k—1 > 1.
Following the null history H;, define op(H;) as the distribution of y; which specifies the
principal’s time 1 strategy. Since (y,) is a martingale, op(H;) € Aﬁo (©) hence this is feasible.
Let M = supp(p|,>1) and M’ = supp(p; |,=;). Then, define the time t = 1 strategy for the
agent as follows: o4(pg, 0p(Hy), iy € M) = Ocontinye and 04(po, 0p(Hy), py € M') = Ostop- We
define the continuation strategy after t = 1 by ‘pasting’ the equilibrium strategy from the
induction hypothesis:

op(H,; := (ﬂo'O'P(Hl)'l/”; Is;ﬂs)2gs<t) = Glg(Ht—l = (l/' Is'ﬂs)lgs<t—1)

O'A(I_It+1 = (P‘O’O'P(Hl)’ ,”,' IS’ l"s)ngst) = O-/,\(Ht = (]/l’, 151 Hs)lssgt—l)/
where (04, 0p) is chosen depending on three types of subgames as follows:
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1. Agent continues. Following any history H, = (p,0p(H;), ') s.t. u' € M, consider
the (finite support) process v; = p|(F;, 4y = p',1 < 1) and stopping time 1 = 7|(y; =
,u',l < 1), i.e., ((¥),1) is a truncation of ({(i), T) following interim belief x".** Then,
({p:), T) satisfying condition (3) implies that ({v;), ) satisfies condition (3). From the
induction hypothesis, we can choose an SPEF (04, 0p) of the subgame with primitives
T={1,...k—1},U(-,t + 1), V(-,t + 1) and prior p’ which satisfies (u(c”’), (c”)) 2 (v, 1).

2. Agent stops. Following any history H, = (p, 0p(H;), p) s.t. ' € M/, ((v;),1) = (4, &)
defines a finite support strategy satisfying condition (3). From the induction hypoth-
esis, we can choose an SPE” (0}, 0p) of the subgame with primitives T = {1,...k — 1},
U(-,t +1), V(- t + 1) and p" which satisfies (u(0”), t(c”)) 2 (6, 0;) i.e., the agent stops

immediately at t = 1.

3. Off-path. Following any history H, = (yo,[;, #) where I; # op(H;) or yy € M U M/,
Lemma 2 implies that there exists f solving (R) with primitives T = {1,...,k—1},U(-, t+
1), V(,t+1)and p, = p;. Then, Lemmas 5 and 6 (iii) implies that there exists a finite
support strategy ((v,), 1) satisfying condition (3) and (v,,t) ~ f. From the induction
hypothesis we can choose an SPE” (04, 0p) of this subgame such that (u(c”), T(c”)) 2 f.
Additionally, define the t = 1 strategy for the agent as**

oa(Hy, Iy, ) = Yyo))>su (1) Ocontinue + Lu4(0)<U (1) Ostop

By construction, at any history at time t > 1, (04, 0p) specifies an SPE”. To verify that

(04,0p) is an SPE, it remains to verify that there is no profitable deviation in period t = 1.

* Agent’s deviation:

— continue — stop. Following any history H, = (4o, 0p(H;), #') s.t. 4’ € M, the contin-
uation payoff is E[U (p, T)|Fy, iy = p’, 1 < 1] = U(y/, 1) which is guaranteed by the

obedience condition. Therefore, deviating to stop is suboptimal.

— stop — continue. Following any history H, = (y, I;, pt;) where I, = op(H;) and p,; €
M’,04(H,) = Ostop- Let o’ be the continuation SPE” in period 2 specified above. Sup-
pose for the purpose of contradiction that U(c”) > U(yy, 1). Then, V(o) < V(yy,2)
must hold. If it did not, then since V is increasing in time, V(0') > V(y;,2) > V(py, 1)
but replacing f(y;, 1) with the distribution of (t,(,, T(0”)) strictly improves [E¢[V]
and weakly improves (OC-C), contradicting the optimality of f. But V(0”) <V (4, 2)
implies that in the construction of ¢’ above, we set (u(c”’), 7(0”)) a (04,,2). This im-
plies U(0”) = U(py,2) < U(py, 1), contradiction. Since U(o”) < U(py, 1), it is subopti-

mal to deviate to continue.

*The truncation is well-defined since (y;) has finite support; hence, it is conditioned on a positive measure event.

*Note that we have defined the time 1 strategy for all cases except this one.
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- Following any other history, o, is optimal by definition.

* Principal’s deviation: we verify that V(o) = E¢[V].

V(@)= [ Vu Dt + [ Vo aplet) st )

M M

C

r

- (v vfar +f E [V (e, 0l = 1, 1 < 7] op(Hy)(dp)

M

- [Vivsann+ Y [vimosann

~ t>1

=E¢[V].
Note that following any deviation of the principal, the agent may choose 0,4 = 00,
at any time to guarantee an interim payoff of at least U(ji;, ). Hence, the belief-time
distribution induced by the stategy profile satisfies (OC-C). Therefore, the deviation

payoff must be no higher than E[V], which solves (R).

Finally, to verify that o is an SPE?® it remains to verify V(o) = maXyespg(r) V(0”). Note that
Vo’ € SPE(T), Lemma 4 implies that V(¢0”) must be no higher than [E;[V] and the strategy
o we constructed achieves this upper-bound. Q.E.D.

Lemma 8. If V(u,t) strictly increases in t, then Yo € SPEY(T) s.t. u(c) has finite support and
max supp(t(0)) < T, for any stopping time 1 < ©(0), U(c) = E[U (4, 1)].

Proof. Suppose for the purpose of contradiction that there exists an on-path history H,
s.t. U(0|Hyyq,t7) > Uy, t). Let o denote the strategy continuing from H, i.e., (o|H,, t).
Let f ~ (#(0”)¢(o), T(0”)). Then, f satisfies (OC-C) as the agent may choose 04 = Ostop at any
time s* > t* to guarantee an interim payoff of U (fi;, s).

We claim that B¢[V] < W(p,t). Let t’ be the earliest stopping time of f. Observe
t" < T since we have assumed max supp(t(c)) < T. Define f'(u,t) = f(u, t) —EL—p f (4, ) +
El,pf(u,t'+ 1) for & < 1. Then, E¢[U] is a continuous functional of £ and for & = 0,
it is strictly larger than U(y, t). Since f’ is continuous in & under the Prokhorov metric,
there exists & > 0 s.t. Ep[U] > U(p,t). Since V strictly increases in t, E¢[V] - E¢[V] =
EEfum)[V(ut' + 1) =V(u,t)] > 0. Then, W(p,t) 2 Ep[V] > Ef[V].

However, Lemmas 5, 6 and 7 imply that W(y,t) = Ef[V] since E([V] = V(o) =
V(o|H;, t) = maX,resppry V(0" |Hy, t), contradiction. Q.E.D.

Putting the lemmas together, the sufficiency part of Theorem 2 (i) is an implication of
Lemmas 4, 5, 6 and 7. The necessity part of Theorem 2 (i) is an implication of Lemma 4
plus the sufficiency part. The sufficiency part of Theorem 2 (ii) is an implication of Lem-
mas 5 and 7. The necessity part of Theorem 2 (ii) is Lemma 8. Q.E.D.
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ONLINE APPENDIX TO ‘PERSUASION AND OPTIMAL STOPPING’
ANDREW KOH  SIVAKORN SANGUANMOO  WEIJIE ZHONG

ONLINE APPENDIX I: OMITTED PROOFS
I.1 Simple recommendations are well-defined

Lemma 9. Let {x(’"t)} C D, be equipped with the Skorokhod topology. Mapping ® : (u,t) —
(x*', t) is Borel measurable.
Proof. Let o be the Skorokhod metric. Then ¥(u,t), (4',t') where t < t":
o (x4, x) < max {Iﬂ — 11t =t max {|fi - ﬁs/n},
s,s’€[t,t))

where the RHS is achieved via contracting time on [t,1’).

If i, is continuous at t. Then, (u,,t,) — (u,t) implies o (x"%), x#) — 0. Hence, the
mapping is Borel measurable (continuous) at (y, t).
(1)

If ji; is dis-continuous at t. Then, for all t'>t, a(x(”’t), X ) > |fl:—fi:,| > 0. Meanwhile,

(M, t,) = (u,t—) implies o (x#tn) xW1y 5 0. Then, for sufficiently small open ball around
x"1, the inverse image is an open ball around (y, t) truncated by ¢’ < t; hence, a Borel set.

Therefore, the mapping is Borel measurable at (y, t). Q.E.D.

1.2 Proof of Lemma 1

Proof. The first statement: Suppose (2) is violated, i.e. It s.t.
I}1>t puf(dp, dy) t)
[, f(dpe, dy)

f Up,y)f(dp,dy) <U
y>t

Then, define 7" = min {z, t}.
E [U(p,,7')] =Prob(t < t)E[U(p,, 7)|T < t] + Prob(t > t)E[U(u, t)|T > t]
ZProb(T < HE[U(p., t)|t < t]+Prob(r > t)U(E [p|t > t],1)
(Jensen’s inequality)
=Prob(t < t)E [U(p,, )|t < t]+ Prob(t > t)U(E [y |t > t],t)
(Optional stopping theorem)
>Prob(t < t)E[U(p,, T)|T < t] + Prob(t > t)E[U(p,, T)|T > t]
=E[U (p,, 7)].
(OC) is violated. f € A, is a direct implication of the optional stopping theorem.
The second statement: First, we show that (quf, Tf) ~ f. VY Borel sets By CA®),B, CT,

(yf, )CB xB, & teB, &x’”()CBH:)(y,t)CBHth.
Therefore, 77((;4 T )CB xB) jB B f(du,dt).
u Pt



Second, we show that (,utf) is a martingale. Take any Borel subset B C F; such that
P(B) > 0. B can be further divided into two sets of events (that are elements of F; since T

is a stopping time).

e Case 1: v/ <t. Vt' > ¢,

B] =E [/45
1
_ (18) (47
= X t"dP
P(B) ‘J;X(”’S),S)GB ( )
1
— (1:5)
— X t)dP
P(B) J(‘x(l"s),s)EB ( )
~E 1/ 1B]

The third line is from the definition of x*) and t’' > t > s.

E|p) B, v/ <t]

e Case 2: / > t. In this case, Vuands > t, (x(’"s), s) € B since all those x#) = fi; up to
period t. Therefore,

E[p)|B] =E[pl 1t/ > ¢]

1 s
=M£>tx” (t )dP

1
= x5 (¢)dP + J x5 (¢ dP)
P(B) (-[>t’ ( ) t<s<t’ ( )

1
S —, (du,ds) + J
L>t f(dll;ds) ('M s>t’f F t<s<t’

:ﬁt
:IE[ytf|Tf > t]

pf(dp, dS))

Third, we verify (OC). By the definition of <]/ltf ), conditional on the event 7/ < t, /utf
is constant in t. Let T := min{Tf,T'} and 6t := (t'— /)", Then, (yz, ) has the same
distribution as (p, T').

E [U(pp, T')] =Pt/ > O\E|U(pp, 7)) > 7] + P/ <)E 'U(,qu,*cf +o1)|tf < T’]
<Pt/ > O E[U(, ) > 0|+ P <O)E[Uuy, o) < T’]
(Because 6t > 0. )

=P/ > E[U(, 7)1 > |+ P <E[U(us, o)) < T’]

<Pt/ > T)E —lEf [U(p, )|t > '] 7/ > r’] +P(tf <)E [U(#Tf,Tf)lrf < T’]
(Implied by (2). )



=P(t/ > 7)E [U(W,Tf)lrf > T'] +P(tf <7)E I:U(‘M,[f,’[f)l’ff < T']

=E|U(ps, /)]
Q.E.D.

1.3 Proof of Lemma 2

Proof of Lemma 2. The lemma is trivial when T is finite. We prove the case when T is a
continuum. We first prove strong duality. Define the mapping G:

G(f)(t)=f U(wr)f(dﬂ,dr)—UU Mf(duldr),t)-

Since U is convex, G(-,t) is concave. Since U is bounded, G maps A, into L=(T").

Next, we verify that there exists some f € A, s.t. G(f)(-) is an interior point (w.r.t. L*
norm) of the positive cone. Let U(y,t) denote E,[U(dg,t)]. Since T is compact and U is
continuous, Assumption 1 implies that there exists € > 0 s.t. U(pg,t) — U(uy, t) > 3€ for

all t € T. Since U is continuous, there exists a finite partition {t:}'.o € T st. t, = 0 and

|U(po,t) —U (g, t;)] < € whent € T and t; are adjacent. Therefore, Vt € (t;,t;.,]NT,

U(l’lOI t) = U(,MO) ti+1) - 2e.
Let M = sup, U(py, t). Wlog, we can pick € < $M. Next, we define f:

i-1

fori=1,..,1-1,4/ "= (1\%) (1 _%);

f(plt;) achieves ﬁ(/,to, t;).
I

fitp =57
f(plt;) achieves ﬁ(yo, tr).

By definition of U, Vi, f(u|t;) is well-defined since the upper concave hull can be achieved
by a finite distribution per Caratheodory’s theorem. Then, for any i = 0,...,|I| — 1 and

te(titinl .
Ga) (-

I-1

Ulpto, t1) — Ulpg, 1) (
]

j=i+1

)

(
> %) (1 - % (Hos tiv1) — (%)l : U(l/‘()" t)
© )l (1 - % (U(po, tise) + 2€) — (%)Z - Ulpo, 1)
= %)l (26 - %ez - A%U(ﬂo't))
|



Therefore, G(f)(-) is bounded away from 0 by at least (ﬁ)l -5 under the L* norm.

The following lemma establishes that for any target joint distribution f, we can find a
“nearby” continuous distribution which does not alter the value of G too much. Let A,fo
be the subset of A, such that G(f)(¢) is uniformly continuous on T".

Lemma 10. Given Assumption 2, for all f € A, and all €, there exists f’ € Ago s.t. Bp[V] >
Ef[V]-e€and G(f')(t) > G(f)(t) — €.

We now take stock of the conditions to apply Theorem 1, Chapter 8.6 of Luenberger
(1997). IV u,T)f(dy,dt)is alinear functional. G is a concave mapping, and from Lemma
10 there exists f € A - such that G(f)(-) is in the interior of the positive cone. Further, since
fe ACO, G(f)(-) is umformly continuous on T° hence B(T") is the appropriate dual space.
We then have

su inf L( A—mlnsuﬁA
feAIC) AeB(T°) f AeB(T° feAp f

where the minimum is achieved by A € B(T").
Then note that for all f € AHO, A € B(T°) and € > 0, Lemma 10 implies that there exists
fe A,So such that L(f’,A) > L(f, A) — €. Therefore,

su inf L(f,A) < su mf[l A<m1nsu£ A—mmsuﬁA
prAB(T) (s feAP AeB(T (f, AeB(T* fEAP (f, AeB pr (f,

The inner inequality must be equality since the smallest term is the same as the largest
term.

Finally, we verify that there exists f achieving the maximum when V is upper semi-
continuous. This implies that [E¢[V] is upper semicontinuous. Then, it is sufficient to
verify that the set of f s.t. G(f) > 0 is closed. Suppose not, then, there exists f, — f s.t.
G(f,) = 0 but G(f)(t) < 0. Consider

0 T<t
Ve(T) =4t Te(t,t+e).
1 T>t+¢€

Then, IU “Yedf — L>t Udf and f;/t - Yedt — L>t pudf when e — 0. For e sufficiently
small, IU vedf -U (Iy - v.df,t) < 0. However, since U -y, and y - y, are bounded and

JU'Vedf_U(.rﬂ'Vedflt)

= lim U-yedﬂ—U(jy-yedﬁ,t).

n—-o0

continuous functions,

Then, there exists n s.t. [U - y.df, — U ([ p-y.df,,t) < 0. Note that f, - 7, is a convex
combination of 1,.,f, for s € [t,t + €] and G(1,5,f,)(T) = G(f,)(s) = 0. Then, IU -vedf, —



U([p-yedfst)=G(f,- 7. T) > 0since G is concave. Contradiction. Q.E.D.

Proof of Lemma 10. Yf € A, , G(f)(t) has bounded variation and only jumps down.
Therefore, G(f)(t) can be decomposed into g(t) + h(t), where g is bounded and contin-

uous and h is bounded and decreasing. Define the “delayed” measure

0 t<s
FFt) =1 f(ut-s) t € [s,sup(T))

f(u [t =s,sup(T)]) t=sup(T)
In words, f° delays the distribution of f by s. Pick 6 > 0 as a continuity parameter corre-

sponding to 1€ for U, V and g.** Then,
quw=f LMﬁ%%f ;Mﬂﬁ
T>t—s$ T>t—s$

ZJ Udf—U(J ydf,t—s)—le
T>t-S§ T>t-S§ 2

=g(t—s)+h(t—s) - %e
>g(t) + h(t) — %e

“G(f)(t) - ~e;

2
sup(T)-s sup(T)
Ef[V] = j Vip,t+s)df + J V(u,sup(T))df
0 sup(T)-s
>E/[V]- le
2By he

Let f be the uniform randomization of f*, for s € [0, 5]. Then, since [E¢[V]islinear operator
of f, E¢[V] > Ef[V] - s€. Since G is a concave operator of f, G(f)(t) = G(f)(t) - e.
Next, we prove the uniform continuity of G(f). Note that Vt < ' <t + 6,

fur)

1
== J (F(t'—s)— F(t —s))ds
0 s=0
1
<- I F(s)ds
0 (£,4/]U(t=0,t'-9]
2|t -t
< .
0

Therefore,

J Udf—f Udf‘:f Udf‘
T>t >t (t,¢]

45 All the continuity are uniform since T and D are compact.




<) < ot 220

Then, Ve, let U] - 2|t;/| < £ and 2|t —t'|/6 be less than than the continuity parameter of U
for . Then, |U ([ pdf,t)-U([_, ydf,t)| < €. Tosum up, |G(F)(t) - G| <e.

Q.E.D.

1.4 Proof of Lemma 3
Proof. Per the proof of Lemma 2, there exists f° € AFO and 1 >¢& > 0s.t. G(f°) > ¢. Let o

be the continuity parameter of U given 3&e. Define
= 1 1
=(1-2 Zef®.
F=(1-5e)f+5ef
Then, since G is concave, G(f) > 2e&. Let f be the discretization of f by pooling all mass
in (t;,t;,1] to t;. By construction dlp(f,f) < d,p(f,f) + dlp(f,f) < le+3eé <e. Vj,

j pdf, tj)
’l'>t]'+1
zj udf -U

T>t]'+1

~ 1
j pdf, tj+1) - 565
Tty

1
=G(f)(tjs1) - 565 = 0.
The converse direction is due to A, beinga tight collection and the set of f s.t. G(f) > 0

Gy > [ vaf-u

T>ti+1

being closed, as is established in the proof of Lemma 2. Q.E.D.

I.5 Proof of Proposition 1

Proof. First, we show that such an SPE exists. Let o4(H;) be continue whenever p; is
interior and stop otherwise. Let op(H,) be full revelation at all histories. It is trivial that
the agent finds no profitable deviation as he receives his first best at any history. Given
the agent’s strategy, at any history, the principal has to eventually fully reveal the state.
Otherwise, if she does not fully reveal the state so that the agent stops at T, she would be
better off by fully revealing at T by the condition (ii) of Proposition 1. Therefore, revealing
it immediately is optimal as the principal is strictly impatient.

Now consider uniqueness. The agent can guarantee him the first best by always choos-
ing continue. Therefore, the maximal principal’s payoff that is consistent with the agent
first best payoff is from full revelation at¢ = 1, whichis an SPE as we have proved. Q.E.D.

1.6 Proof of Proposition 2

Proof for necessity. Under the Suspense’ -£' strategy, the corresponding joint distribu-
tion of stopping time and action is

Pt <t,a=4€)=1-2uy—t;)e" ™, P(t =ty,a=71)= 2y — t;)e" ™"



for every t € [t,,t,]. The principal’s payoff under the Suspense’ -£' strategy is

Vit ta) = (1= (2 = 00w+ ) + o= 1) [ €70+ el + & v, 4 (1))

1
Optimality implies the first order condition w.r.t. t,:

dV;(t,,t _ ,
WAL _ (apy 1) (Av + A1) ~ B(12) =
2
which implies condition (a): Av + Ah(t,) = h/(t,) and the local SOC: k;(t,) < AK'(t,) in
condition (c). Let A = t, —t,, consider the FOC w.r.t. shifting t; and t, jointly:
dV(t;, t; + A , -
G ) = (2py—t; - 1) (\P(tlltZ) - he(tl)) +e 2t (AV + Ah(t,) - hr’(tz)):
[ — )

dt
1 <0 =0 from (a)

which gives condition (b): W(t,t,) > h,(t;) with equality when #; > 0 and the local SOC:
hy(t,) - t; <0 in condition (c), as desired. Q.E.D.

Proof for sufficiency. Note that by the construction of the strategy, (OC-C) is slack for 0 <
t < t;. Therefore, the complementary slackness condition implies A(tf) must be constant
prior to ty, i.e., A(0+) = A(t;). The principle’s FOC from choosing stopping belief v at
time t > £, is
l v + hy(t) + A( +j A(ty) = 2v(A(t) — Aty)) v <0.5
Falf) {v1+h( j ( )+2w\( ) v>05
Note that we select VU(O t) to be VU(pttl( “),t). Define lf’A(v,t) = le a(v, 1) = 2vA(ty)
as an affine transformation of /¢ 5. The key observation is I7 o as a function of v takes a
simple piecewise linear structure: it linearly decreases on [0, 0.5) at rate 2A(t) and stays
constant on [0.5, 1], as is depicted by Figure 7. We show each part of Corollary 3.1 in turn.
The concavification method suggests that the following three conditions are sufficient
for the optimality of f: ( lf A(0,1) is a constant function of t for t > t;, (ii) l}’A(O, t) <
l¢ A(0, ;) for £ < t;, and (iii) lf'A(,u ¢, (£2),t) is maximized at ¢,. We construct A:

12
W(t,t,) = e hy(s)ds + e 2h(t,), Vit>t
S LIS it i), ez
W(t,,t,), Yt<t
where t, is given by Av + Ah(t,) = h,(t,). When #; > 0, condition (b) guarantees that

N'(t;) = 0, i.e. Aisasmooth function. Note that A is monotonically increasing if ¥t > t,,
A’(t) = \Ilt’<t; t2) Z O; (4)
which is given by condition (d). Next, we verify the three conditions.

Condition (i) is satisfied if Vt > t;, A satisfies

I A0, t
% = hj(t) + N(t) = A(t) = 0,

which can be verified by direct calculation.



. Al A (0t
Condition (ii) has a bite only when ¢; > 0, in which case, it is satisfied if f'gi ) lt=t,—- = 0

917 A (0,
and fa”t\z(o Y < 0fort < t,. The former condition is implied by condition (b). The latter

condition is implied by (d).
Condition (iii): we verify the optimality of y; (t,) and t, separately.

* p,(t2) € (0.5,1) is optimal &= I} s(-,t,) attains the same value at 0 and y;, (t,) <
Av + Ah(t,) = A(t,) = h,(t,) (condition (a)). See the illustration in Figure 7, where

the colored lines are I7 A(v, t) and the dashed line is the concave envelope.

G ALt 15 A (1t . . ,
* t, is optimal if %lt:h =0 and fa’;z( ) < 0. The former is equivalent to h,(t,) —

A(t,) = 0, which is implied by the definition of A. The latter is implied by h,(t) —
AN()<0,i.e.

h/(t) <0, Vt<t,
{ (5)

W/(t, t,) —h/(t) >0, Vt=>t,
which are given by condition (d).
FOC

=0 pe, (£2)

0

Figure 7: Concavification condition for Suspense’-£'* at t = t,.

1.7 Proof of Proposition 5

Proof. Let A be the multiplier that solves (D). We claim that A(¢) must be strictly increas-
ing on [0, f]. Suppose for the purpose of contradiction that it is not true, i.e., there exists
interval [t;,,] s.t. A(t) = x on the interval. Wlog, let [t;,t,] be a maximal interval such
that this is true. Since f < T, t, < T.

Define &(t) = max,(If A(p,t) — a - p). Then, (FOC) implies that &(t) < 0 and &(f,) = 0.
Note that I¢ 5(p, t) is left continuous and only jumps up in t. The envelope theorem implies
E/(t;) = V’(]/l, tz) + KU/(]/l, t2)1
where yu attains &(f,). Next, we calculate a lower bound for “&’(t;)”.

E(t, +0) — &(ta)
2l a(poty +0) = I A(E)

ty+0
=V (ot +0) = V(p 1) + (Alty + 6) =k + K )U(, 5 + 8) = kU (i, 5) - J VU (i, ) - pA(dt)
t

2

“In the special case where T = o0, t, = oo is already ruled out becase this will imply ¢; > f.

8



=V (,t + 0) =V (u, ta) + (U, 15+ 8) = Ui, )

t+0
+ (At +0) = )U(p, 1 + 0) - J VU (fi, t) - -uA(dt)

2

t,+0
2V (it +0) = V(i) + (Ui by + 0) = U(p, 1)) + J (UG t) = VU (@, 1) - ) A1)
t

2

2V (p ty +0) = V(p, ta) + (U, 15+ 8) = U, )

=£'(£3)0 +0(0),
where the second inequality is because U(yu, t, + 6) < U(u, t,), and the third inequality is
because U is convex in p.

Suppose V/ > 0, U, > 0, then V + «U is strictly convex in t. Suppose V/ > 0, then we
claim that x > 0. If not, &(t, + 6) = V'(u, £,)0 + 0(6) > 0, violating the (FOC) around ¢,.
Then, since x > 0,V + kU is strictly convex in t.

Therefore, I; o(4,t) — a - p is strictly convex in t on [t,t,] for fixed p. Since &(t) :=
max,(I¢ A(4,t) — a - p) is the upper envelope of a collection of strictly convex functions, it
is also strictly convex on [t;,t,]. Hence, &'(;) > 0 which violates the (FOC) at t;, leading
to a contradiction.

Since A(t) must be strictly increasing, the complementarity slackness condition im-
plies that (OC-C) must be binding all the time. Q.E.D.

1.8 Proof of Proposition 6

Proof. Let &(f) = max,(lfa(p,t) —a - p). Then, (FOC) implies that &(f) < 0 and &(t) =
&(t) = 0. The envelope theorem implies &'(t7) = V'(u,t) + A(O)U’(u,t) > 0, where pu
is the maximizer that attains &(t). Suppose for the purpose of contradiction that t >
max {7‘_,1 °E,1(£)jl_]1 °£]l (E)}. Then, de > 0s.t. Vu € A(@®), Vt >t —€

Vilp, t) + A()U(u, t) < —e.

Since fi; — y" and AD-A® j5 bounded when t — f, there exists 6 > 0 s.t. < € and

t—t
Vi>t-96
A(t) = A(t = 9)
- 6 -
Then, Vt,,t,s.t. t -0 <t; <t, <t,

(Lpa(p'sty) —a-p')

(U AG t) —a i)+ j VI 1) + AU Dt + f UG 1)~ VU 1) 1)Ad?)

1 1

* ~ * 1
U t) = VU t) - i) < Se.

€0 f2
<—e(t,—t;)+ 2D AT—9) J; A(dt)

1



€0 — -
-5 whent, — t,t; =t —0.

The analysis above implies that I; o(y”, t) is bounded away from 0 when ¢ — t , contra-
dicting (u", t) € supp(f). Q.E.D.
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ONLINE APPENDIX II: AN EFFICIENT ALGORITHM FOR COMPUTING (R)

In this section, we propose an efficient algorithm for computing (R), which solves the

shadow prices via |T x ©|-dimensional gradient descent. Define function ®:
O(A, b, v, 1, 7) =V (1, T) + AU (1, T) = AOYU (g, 0) — bt + bopig + f (B — Uy, 1)dA(t),
t€(0,7)

where A € IL, v € ID(T) (the set of cadlag paths), (4,7) € D and b; = b, + L<t BsdA(s) for
B e LY(T).
Theorem 3. If (A", f,a") and a selection of VU satisfies (FOC). Let i = VU(fi;, t) and by = a’.
Then,

(A", b") € argminmax O(A, b, v, u, 7).

Aa,a v,put

Moreover, V(u',T") € supp(f),
(B, p', ") € argmax O(A", b", v, u, 7).

V,U,T

Specifically, in the special case where T C IN is a discrete and finite set, Theorem 3
yields a simple algorithm for computing the shadow prices, given by

(A", b") € arg mm max( (u, ) + A(T)U (, T) — A(0)U (pg, 0) — b pt + bopg

Ab vyt

-1

# ) (b = b) % = (At + 1) = AOU 1)}

t=1
* The inner problem, for each given 7, can be solved by maximizing y and v; period by

period. Then, T can be solved by enumerating finitely many values in T.

* The outer problem: Fixing any (v, y, T), is an affine function of (A, b). Therefore, the

objective is convex in (A, b) and it can be solved efficiently via gradient descent.

Proof of Theorem 3. Vf € A, we consider two auxiliary objects.

. (l)f is a probability measure in A(ID(T) x D) defined as follows. The marginal mea-
sures (j)le(T) = 0y and o Ip = f.

((,utf), ©/) is the simple recommendation defined by f.

We first prove the claim that (A", a”, ay) and qbf constitute a saddle point of

min ma E [D(A, D, v, u,1)].
Ab qbeA(ID(I)"()xD) ‘P[ ( o)l

« Fixing (A%, b*), we show the optimality of ¢/. It is equivalent to show that V(u, 1) €

supp(f),
(fi, u,7) € argmax O(A", b, v, u, 7).

V,1,T

11



Observe that
DA, bx, v, p,T) =V (1, ) + AU (p, T) = bept —=A(0)U (1o, 0) + bophg
maximized by supp(f)
+ J\ (ﬁtvt — U(Vtﬁ t)) dA(t)'
te(0,7)

") maximized if VU (v,t)=p;
The first maximizer is an implication of Theorem 1. The second maximizer is achieved

by ji.

Fixing ¢/, we show that optimality of A", bx.
Eyr [P(A, b, v, p,7)] = Ef[P(A, b, I, p, T)]

= j [V(%T) + AU (i, 1) = A0)U (o, 0) = bepi + bopio + J (Beft — U (fiy, £))dA(t) | f(dp, d)

te(0,7)

=EAVUnﬂL—J(J} )hd%+bAﬂ—@0f«Wmh)
te(0,T

Eplf} by 1o
* f(f ( )(U(ﬂ: 0) - U(f, t))/\(dt))f(dﬂ,dr) + AO)E4[U (11, T) — Ulpto, 0)]

ﬁ%WWﬂH+JGUWMMﬂ-

minimized by A*

The second equality is by integration by parts. The first underbrace is from (/A{)
being a martingale. The last equality is from switching the order of integration.

The second underbrace is from the complementary slackness condition.

Therefore, we proved that

(A", bx) € arg rgl\igl rnq?x E4[D(A, b, I, 1, 7)]

=argminmax ®(A, b, fi, u, 7).
Ab v,ut

Q.E.D.
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ONLINE ApPENDIX III: ConsTRUCTION OF SPE’ 1N SECTION 3.1

We illustrate Theorem 2 by constructing the full SPE of the corresponding discrete-
time extensive form game. There are two specific continuation strategies that are impor-

tant for our construction:

* The first one is the “inching the goalposts” policy, illustrated by the black curve and
arrows in Figure 8. The agent’s posterior expectation of task difficulty either jumps
to x; or drifts up gradually until it reaches x;, at t”.

* The second policy is illustrated by the red curve and arrows in Figure 8. Importantly,
the expected task difficulty does not reach x; at t*. Afterwards, the principal “inches
the goalpost reversely” by revealing x = x, at a small probability so that the agent
is indifferent between continuing and stopping. Absent the revelation, the expected
task difficulty drifts down gradually until it reaches x; at t = x;,.

o 7'y 'y

Region I1

Region III
v

t* X; Xntime
Figure 8: Construction of an SPE.

Figure 8 is depicted with smooth curves purely for illustration—the actual time space
is discrete. Then, the SPE? is constructed as follows:

* For any history that (E,,  [x],¢) is in region I, the principal’s strategy induces [, [x]

Pt—1 [
either equals x;, or down to the black curve.

* For any history that (E,,_ [x], ) is in region II, the principal’s strategy induces [E,, [x]

either up to the black curve or down to the red curve.

* For any history that (IE,,  [x],t)is in region III, the principal’s strategy induces E, [x]
either up to the red curve or down to x;.

In all three scenarios, the agent continues following an interior belief and stops following
a boundary belief.

13



ONLINE APPENDIX IV: FURTHER DISCUSSION OF PROPOSITION 1

The sufficient conditions for immediate full-revelation in Proposition 1 were strong
but transparent: condition (i) ensured that waiting is costly for the principal, while con-
dition (ii) ensured that the principal is tempted to reveal additional information in the

future. There are several natural environments which fulfill these conditions:

Investment advice Consider the classic environment where a patient firm (the agent)
engages an advisor to decide which project to irreversibly invest in (see Dixit and Pindyck
(1994)). In each state there is an optimal project ag which delivers a flow payoff which
is constant over time. There is also a risk-free asset 4,7 (e.g., the agent’s outside option)
which delivers a constant (but less good) flow payoff. Finally, the payoff from investing in
a suboptimal project diminishes over time such that we have, for 6 = 6:
u(ag,0,T) < u(a,s,0,T) < u(ag,0,T)

The advisor (the principal) discounts the future, and obtains state-independent payoffs
(e.g., commissions) by inducing the agent to adopt different investments, but least prefers
the risk-free option.

Then, a simple chain of reasoning (two rounds of iterated deletion) ensures that, per
Proposition 1, in the principal’s preferred SPE she fully reveals the true state at time
1. First, the agent knows that if she waits until T, the principal’s dislike of the risk-free
option would ensure full disclosure. The principal knows that the agent knows this, and
so anything short of full disclosure in the interim would induce waiting until T. But since

the principal is impatient, the best she can do is immediate full disclosure.

Discussion of relationship to the Coase conjecture In the “Coase conjecture” (Coase,
1972), a monopolist sells a durable good to consumers of unknown types. This generates
an endogenous incentive to reduce prices: on the equilibrium path of prices, after selling
to any set of consumers, the remaining consumers must be of lower valuations (the so-
called ‘skimming property’; see e.g. Fudenberg, Levine, and Tirole (1985), Lemma 1).
This endogeneously creates an incentive for the monopolist to lower its price to sell to the
remaining types—and, anticipating this, consumers would rather wait.

In our informational environment, receiver types are known, and the principal (the
monopolist provider of information) has a substantially richer action space. Proposition 1
is stated under the condition that the principal has an exogeneous incentive to deliver full
information (price equal to marginal cost) as time goes on. This transparently conveys the
possibility that “Coasian” dynamics might also arise in our environment. We expect that
a more complete analysis (outside of the scope of this paper) with unknown receiver types
will also generate endogeneous incentives for the principal to deliver more information

as she learns about receiver types in the interim.
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ONLINE APPENDIX V: COMPLETE COMPARATIVE STATICS FOR SECTION 4.2

In order to state the complete comparative statics result, we generalize the definition
of the Suspense-C/r strategy to accommodate several corner cases and one close variant.
We first define a variant of the Suspense-C/r strategy:

* Suspense''-Inconclusive-¢> runs in two stages and is depicted in Figure 9. During
the first stage [0, t,), the principal generates suspense with the two belief paths pf
and y.¥ The two paths are chosen such that the agent obtains no continuation
surplus over the duration of suspense generation. At the end of the suspense stage
t = t;, either the agent is more confident that the state is L (;4,5L1 < Ho) and will not be
provided further information which induces stopping and choosing ¢, or ,utlf = ¢ 2*h

which leads to the second stage.*

In the second stage [t,,t,], the strategy reveals state L at a rate which is chosen such
as to keep the agent’s continuation incentive (OC-C) binding. This, in turn, pins
down a unique continuing belief path p; (t) := ,utlfet_tl. By time t,, The state L will
be fully revealed. Thus, at time f, the agent is certain the state is R which induces

stopping and choosing r.

* Suspense''-Inconclusive-r"? is defined analogously. The strategy gradually reveals
state R in the second stage [t;,,], which is depicted in Figure 10.

R / : p
- .
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0.5 - : : : X 0.5 — : : o
: — : : : : —
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generating targeting generating targeting

Figure 9: Suspense-Inconclusive-C strategy Figure 10: Suspense-Inconclusive-r strategy

The difference between Suspense'’-Inconclusive-£*2 and Suspense’-£'? is that they im-
perfectly revealing signal at the beginning and the end of the persuasion window, re-
spectively. Second, we extend the definitions of Suspense’-¢/r"? to accommodate the

following corner cases:

12-pf:
Ho—1;
48 /utl; is computed from the agent’s indifference condition between stopping at time 0 and time ¢,. We obtain ;A,Ll =

“They are given by pf = ;4{; +%(%—I4fl)and uk = y{f —%(y}f - 1), where A = tl(

). I/lle and p{f will be determined shortly.
—t—py
3 ()

where p, = . Implicitly, we require ¢; < i, to guarantee there exist t, such that ytlf €(0,1)

3]
22+ 1
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* t; = t, = 0: in this case, all strategies reduce to the static persuasion strategy of
Kamenica and Gentzkow (2011), where beliefs {0, 0.5} are induced att = 0 if Av > 0
and beliefs {0.5, 1} are induced if Av < 0.

° t, = ’ut*l_l(l) or #:1—1(1): in these cases, the terminal belief of the Suspense’ -£*2 upon
no revelation is either 0 or 1. In these cases, the Suspense’ -£/r'? strategy coincides

with the Suspense''-Inconclusive-£/r' strategy.

In short, we say a strategy is a generalized Suspense- [r strategy if it satisfies the defi-
nitions above for some t,, t,. The following corollary provides sufficient conditions of all

generalized Suspense-C /r strategies, including what we have in Proposition 2.

Corollary 3.1. Suppose t;,t, € [0, ;4:1_1(1)] such that t; < t,. Let conditions (b)-(d) from

Proposition 2 hold. Then, the following statements are true:
1. Ift; <t, < yt*l_l(l) and Av + Ah(t,) = h,(t,), then Suspense'-£'? is optimal.

2. Ifty <t, = ,ut*l_l(l) and Av + Ah(t,) € [h)(t,) — 2W(t,, t,), hi(t,)], then Suspense’-£"2 is
optimal.

3. Ift, < ptfl_l(l) and Av + Ah(t,) = h(t,) — 2W(t,,t,), then Suspense' -Inconclusive-£"* is
optimal.

Moreover, if hy and h, are concave and |Av| > max{h,(0), h;(0)}, then the Suspenseo—€0 strategy
is optimal.

Proof of Corollary 3.1. Note that part 1 is the same as Proposition 2.

Proof of part 2. We use the same A used in the proof of Proposition 2. It remains to ver-
ify that max, Iy o(p, ) is concavified at 0 and 1. If v > 0.5, max; [; o(v, 1) = max; [; o(1,1) =
It a(1,1;). If v < 0.5,

Il A(v, 1) ,

f#h:tl— = hé(tl) -At;) 20

Il AV, 1) ) ) , ,
L iy = () + (1= 20N (1) = Ally) < Bity) + A1) = Alty) = 0.

Since I} (v, ) is concave, we have max, [; 5(v,t) = Iz A(v, ;) if v < 0.5. Thus, the statement
max; Iy A(p, 1) is concavified at 0 and 1 is equivalent to
I A0, 1) = 2A(t1) < Tp A(1, 1) <[5 A(0, 1)
The above inequality is equivalent to Av + Ah(t,) € [h,(t,) — 2W(t;,t,), b, (t,)], as given in
the condition of Proposition 6.(2)
Proof of part 3. We use the same A as before. We showed earlier that max; Iy 5(p"(t;),1) =
It A(W (t1), ). It remains to verify that max;, l},A(y, t)is concavified at 0, 1, and p*(¢,). Since
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p(t;) < 0.5, the concavification condition is equivalent to
l;‘,A(l/‘*(tl): ty) = lf‘*(tl)l},A(O: t) + (1 - ,u*(tl))l},A(l! t5)
& Av + Ah(t,) = hy(ty) = 2W(t;, t5),
as given in the condition of part 3.
Proof of optimality of the Suspense’-£° strategy. Under Suspense’-£° strategy with
A(t) = |Av|, the principle’s FOC from choosing stopping belief v at time ¢ is
vy + hy(t) — |Av|t, v < 0.5

lpa(v,t) =
v, + h(t)+ |Av|(2v = 1) = |Av|t, v > 0.5
Since h; and h, are concave and |Av| > max{h,(0), 4;(0)}, le v, t) < 1gA(v,0) for every

v € [0, 1]. It is easy to check that l},A(-, 0) is concavified at 0, 0.5, and 1, as desired. Q.E.D.

We finally provide a full characterization of optimal information structures when the
principal’s value is concave and either complementary or substitutable with the agent’s

action.
Proposition 4. If h, and h, are concave and Av > 0, then

1. (Complements) If Ah" > 0, then there exist t, and t, such that Suspense’ -€" strategy is
optimal. Moreover, t,,t, are decreasing in Av.

2. (Substitutes) IfAh' < 0, then there exist t; and t, such that either Suspensetl—rt2 strategy
or Suspenset1 -Inconclusive-r' strategy is optimal.

Proof of Proposition 4. We prove the following equivalent (by flipping labels) statement:
if h, and h, are concave and Ak’ > 0, then

1. (Complements) If Av > 0, then there exist ¢; and ¢, such that Suspensetl -0" strategy

is optimal.

2. (Substitutes) If Av < 0, then there exist t; and t, such that either Suspenset1 AL

strategy or Suspense’ -Inconclusive-£* is optimal.

Since h; and h, are concave and Ah" > 0, conditions (c) and (d) in Proposition 2 always
hold. Let F(t;,t,) = W(t,t,) — hy(ty). Define ] ,(t,) := min{t; > 0 : F(t;,t,) > 0}. This is
well-defined because F(t,,t,) = Ah’(t,) > 0. Consider that

ty

e ""E(ty, t,) = J e*hj(s)ds + e 2 AH'(t,)
tl

is strictly increasing and continuous in t;. This implies 1) F(t;,t,) > 0 if and only if

t, > t1,(t,) and 2) t] ,(t,) is continuous.
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* t1¢(t,) is increasing in t,. To see this, g—i = e""2(=AN'(t,) + h/(t,)) < 0. Consider any
t, < ty. If t; > t] ,(t3), then F(t,,t,) > F(t;,t;) > 0 since F is decreasing in t,. This
implies ] ;(t5) > t] ¢(t,), as desired.

Define , := max{t, > 0 : t, < /,t:i[l(tz)(l)}. This is well-defined because ;' (1) is
bounded above. Let f; := t],(t,). From the definition of f, we must have #, = ;/t;{l_l(l).
Note that if t, < f,, then t, < y:{gl(tz)(l). This is because 1) t] ,(t,) is increasing in t, and 2)
(1) =t + log(2”° L) is decreasing in t;.

We consider the following three cases of Av:

« Casel: Ave [h t,) —2W(t,,t,) — Ah(ty), h(t,) — Ah(t,)]. Corollary 3.1 part 2 implies
Suspense _¢h strategy is optimal. Note that Suspense 0" are exactly the same as

Suspense’ -Inconclusive- " because t, = Hi, '(1).
e Case 2: Av > h/(t,) — Ah(t,). We have the following subcases.

— Case 2.1: Av > 1/(0). the last part of Corollary 3.1 implies Suspense’-¢° strat-
egy is optimal.

— Case 2.2: Av < h/(0). This implies there exists t, € (0,f,) such that Av =
h,(t3) — Ah(t5). Set t] = t],(t3). Corollary 3.1 part 1 implies Suspense i
strategy is optimal.

o Case 3: Av < h)(t,)—-2W(#;,t,)— Ah(f,). This implies Av < 0.* We have the following

subcases:

— Case 3.1: Av < —h/(0). the last part of Corollary 3.1 implies Suspense’-Inconclusive-£°
strategy is optimal.

— Case 3.2: Av > —h;(0). Note that h;(0) — 2W¥(0,0) — Ah(0) = —h,(0). This implies
there exists t5 € (0, f,) such that Av = h/(t3)—V(t], t5) - Ah(t3), where t] = t] ,(t3)

Corollary 3.1 part 3 implies the Suspense “Inconclusive-£" strategy is optimal.
Q.E.D.

Another way of thinking about Proposition 4 is to fix h,, h, such that Ak’ > 0 and vary
Av, the time-0 gain from the agent taking action r over ¢; this illustrated in Figure 11.
For the case in which Av > 0, we are in case 1 of Proposition 4 so the suspense-¢ strategy
is optimal.”® Now consider the case in which Av < 0; this corresponds to case 2. of
Proposition 4 with the labels flipped so either Suspense’ -Inconclusive-£'? or Suspense’ -

" is optimal.’!

“This is because I, (t,) — 2W(t;, 1,) < (1 — 2" 72)l;(t,) < 0 since t, < i ' (1) = £, —log thIf <t; +log2.
" Note that time-0 static persuasion to maximize the probability the agent chooses r is a special case.
51 Even though Av < 0, Suspense’ -£*2 can be optimal when h,.(,) — Ah(f,) < 0
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Figure 11: Strategies as Av varies (fix Ak’ > 0)
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ONLINE APPENDIX VI: FURTHER IMPLICATIONS AND EXTENSIONS OF THE MAIN MODEL

VI.1 Simple special cases

Preference for revelation. Suppose the principal exhibits “preference for revelation”, i.e.
V (-, t) is weakly convex for every t. In this case, the optimal persuasion strategy is perfectly
revealing. This can be seen from the following modification: splitting a stopping belief
p to degenerate beliefs does not change continuation beliefs i, but weakly improves both
the principal’s and agent’s stopping utilities. Formally, Vf € A, and Borel set B C T,
define (0, B) := fteB pof(du,dt). Then, f Y U(og, t)m(0,dt) = f Y U(og, t)pgf(dp,dt) >
IU(Iu, t)f(du,dt). The same inequality holds for V when V is convex in p. Then, the
principal’s strategy can be directly modeled by the conditional stopping probability in
every state 7 € A(© x T) and (R) reduces to:

sup ZJV(ée, Hr(6, dt)
T g

Jn(@, dt) = 1y(0), YO € ©

Z(J U(ég,r)n(e,dr))—U(U n(Q,dr)) ,t)ZO, Vi e T
>t >t 0ecO®

0
with the simplified FOC given by:

Loa(0,t) ==V (0g,t) + A(t) - U(Sg,t) — J- VU (ji,, T)dA(T) - 09 < ag,
<t
with equality on the support of 7. This simplification further reduces the problem’s di-

s.t.

mensionality from A(@) xT to® x T.

More broadly, in many of the dynamic persuasion problems studied in the literature,
the principal’s utility only depends on time but not the action and state, which is a special
case of preference for revelation. In such cases, the reduced problem provides an even
simpler solution to such problems: the optimal persuasion strategy involves full revela-
tion of the state with stochastic delay, which is a common feature shared by the optimal

strategies identified in the literature.>

Impatient principal. Suppose V(y,-) is weakly decreasing for every p.>® In this case, it
is straightforward that for all obedient strategy ((s), ), [E[V (s, T)] < E[V (1, 0)], i.e. it
is without loss of optimality to only release information at time-0. In this special case,

the optimal solution of (P) reduces to that of the static Bayesian persuasion problem in

52Specifically, Ely and Szydlowski (2020); Koh and Sanguanmoo (2024), the single agent case of Knoepfle (2020) and the symmetric
prior case of Saeedi et al. (2024) are special cases of the reduced model. In all these papers, the optimal persuasion strategy features
full revelation with stochastic delay.

3V (u, ) being decreasing does not necessarily require the principal to be impatient, i.e., v(0, a, -) is decreasing. For example, V (i, )
is decreasing if (i) v(6, a,-) and u(6, a, -) are quasi-concave and (ii) the agent’s utility always peaks later than the principal’s. Therefore,
we interpret decreasing V(y, -) more broadly as the principal being “more impatient than the agent”.
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Kamenica and Gentzkow (2011) under indirect utility V(u, 0):

(P) = E,,,[V (8, 0)].
This reduction, together with Proposition 1, have important implications for the analysis
of static persuasion games. Such games are often thought to well-approximate environ-
ments in which both the principal and agent dislike delay. Under this view, information
transmission and agent’s choice both take place at the start of the game, rendering dynam-
ics irrelevant. But, in the richer extensive-form game, this prediction hinges on whether

the principal can commit to staying silent.

These two reductions, combined with our analysis in the previous sections, deliver
a unified picture how optimal persuasion strategies are shaped by the alignment of the

principal’s and agents’ preferences on the dimensions of information and time (Table 1).

Preference elay Allgned (V(]/l, ) \L) M1sa11gned (V(]/l, ) T)

for Info.

Full revelation
Full revelation att = 0
Aligned with stochastic delay
No commitment gap .
No commitment gap

Partial revelation att = 0 | Persuasion v.s. Delay
Misaligned (reduces to KG2011) trade-off

Commitment gap No commitment gap

Table 1: Optimal persuasion strategies

V1.2 Evolving state/knowledge.

While our model assumes a persistent state that the principal may fully reveal at the
beginning, the cases with an evolving state or evolving principal’s knowledge are readily
nested by our model. Formally, consider the case where there are finitely many state
variables {6, }, where the principal can design experiments about each 6, at or after period
t;. This directly models the case where the principal learns about the state gradually. An
alternative interpretation is that each 6, represents an increment of a stochastic process,
and observing 6,’s means monitoring the path of the stochastic process, representing an
evolving state X; =}, _, 6;..

Let 6 = (6,,) be the full state of the world that contains all relevant information, and
© be the state space of 0. Let 1,(8) denote the posterior belief of & conditional on the
realization of the 6,’s for t; < t.
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Unobservable state In this setting, 6; s are unobservable to the principal and the agent.

The informational constraint restricts the belief process to fall in the following set D:

D := {(;4, t) e D|;4 € COHV(U{Vt(Q)})} ,

0
where conv(-) denotes the convex closure of a set. In other words, D contains all the beliefs

that may be induced by only revealing information about states that are observable up to
now. Then, the dynamic persuasion problem is equivalent to (R), with the domain D being
replaced by D.>* Then, Lemma 1 and Theorem 1 apply in a straightforward way. We show
in Example 1 that this technique allows us to embed the basic model of Ely (2017) in our
setting.

Publicinformation Another variant of interest is the case where all state variables except
6, are public information, observed by both the principal and the agent (See, e.g., Orlov
et al. (2020); Bizzotto et al. (2021)). In this case, the informational constraint restricts the
belief process to fall in the following set D:
D := {(y,t) € D|]/l € Uconv( U{vt(G))}}.
0, 6o

D differs from D in that the convex closure is taken over only v,(6) conditional on 6, as
opposed to all 6,,. In other words, D contains all the beliefs that may be induced by only
revealing information about 6, while fully revealing all the observable states up to now.
Similar to the previous case, the dynamic persuasion problem is equivalent to (R) with
the domain D. We show in Example 2 that this technique allows us to embed the model
of Orlov et al. (2020) in our setting.

As has been pointed out in Ely (2017) and Orlov et al. (2020), full intertemporal com-
mitment is necessary for the implementation of the optimal policies in Examples 1 and 2.
This is consistent with our analysis as Theorem 2 fails to extend to the case with con-
strained D: to restore dynamic consistency, the principal needs to release information
early to raise the agent’s outside option (analogous to the “pipetting” strategy in Orlov
et al. (2020)). However, such information might not be available at the time when it is

needed due to the gradual arrival of information.
Examples of evolving state and public information
Example 1 (Beeps). For each t;, 6, € {0, 1}. The prior belief is defined as follows. condi-

tional on 6, = 0 (or if i = 0), the probability that 6, = 1is 1 - ¢ Vi) Conditional on
6, , = 1,6, = 1 with certainty.

541t is easy to show that D(t) := {u € A(®)|(u, t) € D} increases in set inclusion order. This is sufficient for the simple recommendation
strategy to be feasible and the proof of Theorem 1 to hold without modification.
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In this example, 6, describes whether an email has arrived in the mailbox at time ¢,
(with Poisson rate y), observed by the principal only when t > t;. The principal chooses a
revelation process of the past states. The agent chooses when to stop working and check
the email, with indirect utility U(p,t) = e_”Probﬂ(Ztist 6, > 0): the agent gets a unit of
utility if he stops after the arrival of email and zero otherwise. The utility is discounted
by rate r. The principal’s indirect utility is V(u,t) = t, i.e., the principal only cares about
inducing the agent to work for longer. This example resembles a version of the basic model
of Ely (2017) but with a forward-looking agent.>”

Example 2 (Persuading the agent to wait). Let T = {0, 1, ...,I}. 6, € {6;, Oy}, representing
the quality of a project (consumer’s willingness to pay). For t > 1, 6, are independently
distributed with normal distribution N(0, o). Let X; = (m + 6,)X;_; be defined recursively,
where m is the trend growth of the process. X; describes the market size of the project.
The agent decides whether to exercise a real option upon stopping. If the option is
exercised, the agent pays a cost of I, and gets payoff 6, - X,;. The agent’s indirect utility is

Up, t) = IE"[EES)I(} a-e" (60X, —14)]
The principal’s indirect utility is
V(ut) = B, la(u, t)e " (0,X, — Ip)],

where a(p, t) is the optimal choice of the agent. This example resembles the main model
of Orlov et al. (2020).

VI.3 Costly or constrained information generation.

Consider the extension where the principal bears an additive and separable flow cost

of experimentation, defined by
_ dE[H ()| 7]

Ct . )
dt
where H is a convex function on A(®) (e.g., —H is the Shannon’s entropy). Then, for a

strategy profile ((u),, 7), the principal’s payoff is E[V (u,, 7) - IOT c,dt]. As is well known in
the literature on rational inattention, the experimentation cost features uniform posterior
separability. Then, the “chain-rule” implies IE[ IOT c— tdt] = [E[H (p;) — H(py)].>® Therefore,
by redefining the indirect utility: V(u,t) = V(u,t) — Hp(p), (P) fully nests the setting with
costly experimentation.

The more complicated extension is when the flow of information is constrained. Con-

sider the setting where the principal’s choice of belief process is subject to an extra infor-

>*While the spirit is the same, the agent is myopic in Ely (2017). Our framework does not nest the general model with repeated
action choice in Ely (2017).
¢ This observation has been made in Steiner et al. (2017); Zhong (2022); Hébert and Zhong (2022).
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mation capacity constraint (ICC):

dIE[H (p;)| F]
——g < (ICC)

(ICC) is a common “flow information” constraint in information economics (see Zhong
(2022), Hébert and Woodford (2023) and Georgiadis-Harris (2024)). (ICC) imposes a non-
trivial constraint on implementation because simple recommendation strategys, which
are typically not smooth in the flow of information, are no longer feasible. Therefore,
the relaxed semi-static problem is not equivalent to the original problem. A partial res-
olution is provided by Sannikov and Zhong (2024), which characterizes the belief-time
distributions that can be implemented by stopping a martingale subject to (ICC). As a
direct corollary of Theorem 1 of Sannikov and Zhong (2024), a relaxed problem of (P)
subject to (ICC) is

sup | V(u,t)f(dp, dt) (R)
feh,,
st. [ Up,)f(dp,dy) 2 U U pf(dp,dy), t), VteT", (OC-C)
Jy>t y>t
H(p)f(dp,dy) + H U uf(dp, dy)) —H(po) < x Jmin{t,y}f(dﬂ,dy), VteT. (ICC-C)
Y

Jy<t >t

Note that (ICC-C) is a convex constraint. Hence, solving (R) subject to (OC-C) and (ICC-C)
remains a simple linear program. As is observed by Sannikov and Zhong (2024), if the
solution f keeps (ICC-C) binding for every t, then the simple recommendation strategy
((;Atf),’cf) achieves the same payoff and is feasible in the original problem (P) subject to
(ICC). This technique allows our model to nest settings with costly information generation
like Hébert and Zhong (2022).
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